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above subsection, the number m of elementary membranes is set to 2; the number
n of a Q-bit individual is set to 4. In both RQEPS and QEPS, the parameter t;
(i =1,2,---,m) is set to a uniformly random integer ranged from 1 to 9; the
population size pop and the maximal evolutionary generation gen are set to 10
and 40, respectively. In all algorithms, the maximal number of iterations item is
set to 30 as the termination condition of TFAD. Experimental results are shown
in Fig. 8 to Fig. 11, Table 2, Table 3 and Table 4.
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Table 2 lists the parameters of the 30 Gabor atoms. Fig. 8 to Fig. 11 show the
restored signals using the 30 decomposed time-frequency atoms and their time-
frequency distributions of the 30 time-frequency atoms which are obtained by
bQEA, GrA, QEPS and RQEPS, respectively. As shown in Fig.6 and Fig. 8 to
Fig.11, it can be seen that the time-frequency distribution obtained by RQEPS is
nearly identical with that of the original radar emitter signals, and the correlation
ratio is the highest which reaches 0.9801, while the correlation ratio obtained by
GrA is only 0.9668, which illustrates that RQEPS is more suitable for decomposing
a signal into time-frequency atoms than bQEA, GrA and QEPS, in terms of search
capability.

The experimental results over 30 runs are shown in Table 3 and Table 4. From
Table 3, it can be seen that RQEPS gains the mean of the best correlation ratio C,.
0.9706, which is better than 0.9670, 0.9668 and 0.9505 obtained by QEPS, GrA and
bQEA, respectively. Moreover, the computing time of RQEPS is 36.4061, 2.2441,
and 2.1766 times as small as that of GrA, QEPS and bQEA. If the experiments
are conducted in a parallel-distributed way on several machines, the computing
time could be greatly reduced.
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Table 2. Parameters of 30 atoms of a noised LFM radar emitter signal

1 2 3 4 5 6 7 8 9 10
s 19.63 | 22.71 | 26.83 | 43.94 | 29.27 |28.97| 28.41 | 33.70 | 33.25 | 12.32
99.43 1136.29|209.41| 55.67 | 177.86 |22.28 |237.06 | 76.69 |157.50| 6.46
1.31 1.63 | 3.89 | 0.85 | 2.05 | 0.57 | 2.68 1.00 | 1.85 | 5.67
3.71 | 3.51 | 4.64 | 5.08 | 4.15 | 3.06 | 4.37 | 2.17 | 2.45 1.56
11 12 13 14 15 16 17 18 19 20
s | 33.87 | 34.51 | 90.38 | 1.73 | 31.82 |10.29| 10.29 | 31.73 | 22.65 | 12.32
120.19| 193.4 | 45.05 | 0.19 | 49.52 |80.16 | 224.93 | 251.23 | 100.67 | 196.40
4.85 | 2.20 | 536 | 440 | 0.68 | 1.14 | 3.77 | 3.42 1.50 | 3.95
391 | 287 | 4.09 | 399 | 0.75 | 3.46 | 3.21 | 0.05 | 3.63 | 4.24
21 22 23 24 25 26 27 28 29 30
s | 13.42 | 25.77 | 812 | 15.26 | 25.39 |12.92| 9.10 | 17.11 | 6.33 | 28.53
181.09| 37.99 | 5.28 |100.34 |122.04 |45.84 | 81.22 |152.62|132.19|243.11
2.07 | 059 | 0.02 | 423 | 1.84 | 2.41 | 5.78 1.38 | 5.85 | 0.52
1.61 | 3.21 | 0.58 | 145 | 2.27 | 291 | 1.87 | 4.08 | 2.72 | 3.92
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Table 3. Performance comparisons of bQEA, GrA, QEPS and RQEPS

Correlation ratio C; | Computing time per
Mean Var run (Second)
bQEA [0.9505| 7.2387e-5 43.25
GrA |0.9668| 1.1476e-31 723.39
QEPS |0.9670| 1.2400e-5 44.59
RQEPS|0.9706 | 7.0583e-6 19.87

Table 4. Results of parametric statistical test t-test

Control Algorithm bQEA GrA QEPS
RQEPS 8.0113e-18 | 1.1684e-10 | 4.7336e-05

In table 4, a parametric statistical analysis t-test is applied to analyse whether
there is a significant difference over one optimization problem between two algo-
rithms [4]. We employ a 95% confidence Student ¢-test. The ¢-test results in Table 4
are far smaller than the level of significance 0.05, which implies that RQEPS really
outperforms the QEPS, GrA and bQEA by introducing the active membranes with
mergence and division operations, real-observation and recombination operations.
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5 Conclusions

This paper proposes an improved membrane algorithm (RQEPS), by combining
the framework and evolution rules of P systems with RQEA. RQEPS is charac-
terized by active membranes with fusion and division membranes to strengthen
the information communication among individuals and decrease the computa-
tional complexity, respectively, the evolutionary rules in RQEA and transforma-
tion/communication like-rules in P systems to evolve the system. The TFAD of
noised radar emitter signals is considered as an application example to test the ef-
fectiveness and practicality of the introduced method. Experimental results show
that RQEPS performs better than QEPS, GrA and bQEA, in terms of search
capability and convergent speed.

The possible interplay between evolutionary algorithms and membrane com-
puting represents a challenging and promising research topic. This paper intro-
duces RQEA into P systems to solve time-frequency atom decomposition. However,
how to select evolutionary algorithms within elementary membranes and commu-
nication rules in the merged membrane to solve different complex problems, in
order to obtain more efficient methods, is an ongoing and challenging issue.
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Summary. Software development for cellular computing is growing up yielding new ap-
plications. In this paper, we describe a simulator for the class of recognizer P systems
with active membranes, which exploits the massively parallel nature of P systems com-
putations by using GPUs (Graphics Processing Units). The newest generation of GPUs
provide a massively parallel framework to compute general purpose computations. We
present GPUs as an alternative to obtain better performance in the simulation of P
systems and we illustrate it by giving a solution to the N-Queens problem as an example.

1 Introduction

Membrane computing (or cellular computing) is an emerging branch within natural
computing that was introduced by Gh. Paun [24]. The main idea is to consider
biochemical processes taking place inside living cells from a computational point
of view, in a way that gives us a new nondeterministic model of computation by
using cellular machines.

Up to now, it has not been possible to have implementations neither in vivo
nor in vitro of P systems, so handling and analysis of these devices are performed
by simulators. Therefore, P systems simulators are tools that help the researchers
to extract results from a model. Since the model was presented, many software
applications have been produced [11]. These simulators have to be as much efficient
as possible when handling large problem sizes. Thus, the massively parallel nature
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of P systems computations points out to looking for a massively parallel technology
where the simulator can run efficiently.

Parallel computation on clusters is the traditional environment to speed-up par-
allel applications. Particularly, many simulators of P systems have been designed
for clusters of computers [4]. However, this computation is relatively expensive and
it is available for organizations that have enough resources to buy and maintain
those clusters. Nowadays, there are other cheaper solutions in the computer market
that provides parallel environments. Among these solutions, the newest generation
of graphics processor units (GPUs) are massively parallel processors which allow
to develop a wide range of parallel applications. We also recall that other paral-
lel computing platforms are being investigated, such as special hardware circuits
120][6).

GPUs can support several thousand of concurrent threads providing a mas-
sively parallel environment where parallel applications can obtain huge perfor-
mance [14][17][29]. Current Nvidia’s GPUs, for example, contain up to 240 scalar
processing elements per chip [16], they are programmed using C and CUDA
[32][21], and they have low cost compared with a cluster of computers.

In this paper we present a parallel simulator for the class of recognizer P
systems with active membranes using CUDA. The simulator executes the P system
which is defined by using the P-Lingua [5] programming language. The simulator is
divided in two main stages: The selection stage and execution stage. At this point
of development, the selection stage is executed on the GPU and the execution
stage is executed on the CPU.

The rest of the paper is structured as follows. In Section 2 several definitions
and concepts are given for a correct understanding of the paper. Section 3 intro-
duces the Compute Unified Device Architecture (CUDA) and some concepts of
programming on GPUs are specified. In Section 4 we explain the design of the
simulator. In Section 5 we implement a solution to the N-Queens problem using
the simulator and P-Lingua. Finally, in Section 6 we show some results and com-
pare them with the sequential version of the simulator. The paper ends with some
conclusions and ideas for future work in Section 7.

2 Preliminaries

Polynomial time solutions to NP-complete problems in membrane computing are
achieved by trading time for space. This is inspired by the capability of cells to
produce an exponential number of new membranes in polynomial time. There
are many ways a living cell can produce new membranes: mitosis (cell division),
autopoiesis (membrane creation), gemmation, etc. Following these inspirations a
number of different models of P systems has arisen, and many of them proved to
be computational completeness [5].

In this paper we shall focus on the model of P systems with active membranes.
It is one of the most studied models in Membrane Computing and one of the first
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models presented by Gh. Paun [25]. P systems with active membranes is formed
by a membrane structure, where a label and a polarization is associated to each
membrane. In this model, every elementary membrane is able to divide itself by
reproducing its content into a new membrane.

Here we provide a short recall of its features (see [25] for details). The
model of P system with active membranes is a construct of the form II =
(O,H, p,wr,...,wn,R), where m > 1 is the initial degree of the system; O is
the alphabet of objects, H is a finite set of labels for membranes; ;1 is a membrane
structure (a rooted tree), consisting of m membranes injectively labelled with el-
ements of H, wy,...,w, are strings over O, describing the multisets of objects
placed in the m regions of p; and R is a finite set of rules, where each rule is of
one of the following forms:

(a) [@ — v]§ where h € H, o € {+,—,0} (electrical charges), a € O and v is a
string over O describing a multiset of objects associated with membranes and
depending on the label and the charge of the membranes (evolution rules).

(b) al]y — [b]f where h € H, a, 8 € {+,—,0}, a,b € O (send-in communication
rules). An object is introduced in the membrane, possibly modified, and the
initial charge « is changed to (.

(c) [a]g — []ﬁb where h € H, o, 8 € {+,—,0}, a,b € O (send-out communication
rules). An object is sent out of the membrane, possibly modified, and the
initial charge « is changed to .

(d) [a]f — b where h € H, o € {+,—,0}, a,b € O (dissolution rules). A mem-
brane with a specific charge is dissolved in reaction with a (possibly modified)
object.

(e) [a]y — [b]f [c]] where h € H,o, 3,y € {+,—,0}, a,b,c € O (dwision rules). A
membrane is divided into two membranes. The objects inside the membrane
are replicated, except for a, that may be modified in each membrane.

Rules are applied according to the following principles:

e All the elements which are not involved in any of the operations to be applied
remain unchanged.

e Rules associated with label h are used for all membranes with this label, no
matter whether the membrane is an initial one or whether it was generated by
division during the computation.

e Rules from (a) to (e) are used as usual in the framework of membrane com-
puting, i.e. in a maximal parallel way. In one step, each object in a membrane
can only be used by at most one rule (non-deterministically chosen), but any
object which can evolve by a rule must do it (with the restrictions indicated
below).

e Rules (b) to (e) cannot be applied simultaneously in a membrane in one com-
putation step.

e An object a in a membrane labelled with A and with charge « can trigger a
division, yielding two membranes with label h, one of them having charge 3
and the other one having charge . Note that all the contents present before
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the division, except for object a, can be the subject of rules in parallel with
the division. In this case we consider that in a single step two processes take
place: “first” the contents are affected by the rules applied to them, and “after
that” the results are replicated into the two new membranes.

e If a membrane is dissolved, its content (multiset and interior membranes) be-
comes part of the immediately external one. The skin is never dissolved neither
divided.

Note that P systems with active membranes can be seen as devices with two
levels of parallelism: among membranes (every membrane works independently,
with the exception of when there are communication across them) and among
objects inside a membrane (the rules are applied to the existing multiset of objects
in a maximal parallel way).

Recognizer P systems were introduced in [26], and constitute the natural frame-
work to study the solvability of decision problems. The data representing an in-
stance of the problem has to be provided to the P system to compute the appropri-
ate answer. This is done by codifying each instance as a multiset placed in an input
membrane. The output of the computation, yes or no, is sent to the environment
in every halting configuration.

Furthermore, the act of simulating something generally entails representing
certain key characteristics or behaviours of some physical, or abstract, system.
However, an emulation tool duplicates the functions of one system by using a
different system, so that the second system behaves like (and appears to be) the
first system. With the current technology, we can not emulate the functionality
of a cellular machine by using a conventional computer to solve NP-complete
problems in polynomial time, but we can simulate these cellular machines, not
necessarily in polynomial time, in order to aid researchers. However, depending
on the underlying technology where the simulator is executed, the simulations can
take too much time.

The technology used for this work is called CUDA (Compute Unified Device
Architecture). CUDA is a co-designed hardware and software solution to make
easier developing general-purpose applications on the Graphics Processor Unit
(GPU) [34]. The GPUs, that are one of the main components of traditional com-
puters, originally were specialized for math-intensive, highly parallel computation
which is the nature of graphics applications. These characteristics of the GPU were
very attractive to accelerate scientific applications which have massively parallel
computations. However, the problem was the way to program general purpose ap-
plications on the GPU. This way involved to deal with GPUs designed for video
games, so they have had to tune their applications using programming idioms tied
to computer graphics, programing environment tightly constrained, etc [17] [14].
The CUDA extensions developed by Nvidia provides an easier environment to pro-
gram general-purpose applications onto the GPU, because it is based on ANSI C,
supported by several keywords and constructs. ANSI C is the standard published
by the American National Standards Institute (ANSI) for the C programming
language, which is one of the most used.
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P systems devices are massively parallel, what fits into massively parallel nature
of the GPUs with thousands of threads running in parallel. These threads are units
of execution which execute the same code concurrently on different pieces of data.

3 Graphics Processing Unit

Driven by the video games market, programmable GPUs (Graphics Processing
Units) have evolved into a highly parallel, multithreaded, manycore processor.
They were designed to accelerate graphics applications, which transform three-
dimensional data (coordinates of triangle vertices) into pixels that are displayed on
a screen, using for this task programming interfaces such as OpenGL and DirectX.
The massively parallel nature of graphics applications and its arithmetic intensity
leads the researches to explore mapping more general non-graphics applications
onto the GPU, creating a new programming field called GPGPU (General-Purpose
on GPUs).

GPUs have become an inexpensive and readily available single-chip massively
parallel system. However, GPGPU programmers had to deal with the limitations
and difficulties of constrained graphics primitives to compute their non-graphics
computations. The emergence of Compute Unified Device Architecture (CUDA)
[34] programming model, proposed by Nvidia Corporation in 2007, has helped
to develop highly-parallel applications onto the GPU easier than it was before.
CUDA allows GPGPU programmers to develop their applications in a more famil-
iar environment by using C/C++ programming language, with some extensions
to manipulate special aspects of the GPU. Moreover, Nvidia consolidated this
trend launching a line of GPUs optimized for general purpose computations called
TESLA [16].

In this work we use a Tesla C1060 graphics processor unit (GPU) from Nvidia as
hardware target for its study. This section introduces the Tesla C1060 computing
architecture. In addition, it analyses the threading model of Tesla architectures,
and also the most important issues in the CUDA programming environment.

3.1 Tesla C1060 base microarchitecture

The Tesla C1060 [16] is based on a scalable processor array which has 240
streaming-processor (SP) cores organised as 30 streaming multiprocessor (SM).
The applications start at the host side (the CPU) which communicates with the
device side (the GPU) through a PCI-Express x16 bus (see the top of figure 1).

The SM is the processing unit, and it is unified graphics and computing mul-
tiprocessor. Every SM contains eight SPs arithmetic cores, one double precision
unit, 16-Kbyte read/write shared memory, a set of 16384 registers, and access to
the off-chip memory (global/local memory). The access to shared memory is very
cheap, however, the access to the off-chip memory has low performance because it
is out of the chip, as it is shown on figure 1. In addition, table 1 shows all memories
available on the GPU and also the cost to access them.
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Fig. 1. Tesla C1060 GPU with 240 SPs: Streamming Processors, organised in 30 SMs:
Streamming Multiprocessors

Table 1. Memory System on the Tesla C1060

Memory Location Size Latency |Access
Registers On-Chip 16384 32-bits Registers per SM| =~ 0 cycles | R/W
Shared Memory| On-Chip 16 KB per SM ~ registers | R/W
Constant On-Chip 64 KB ~ registers R
Texture On-Chip Up to Global > 100 cycles R
Local Off-Chip 4 GB 400-600 cycles| R/W
Global Off-Chip 4 GB 400-600 cycles| R/W

3.2 Parallel computing with CUDA

The GPU is seen as a cooprocessor that executes data-parallel kernel functions.
The user creates a program encompassing CPU code (Host code) and GPU code
(Kernel code). They are separated and compiled by nvce (Nvidia’s compiler for
CUDA code) as shown in figure 2

Firstly, the host code is responsible for transfering data from the main memory
(RAM or host memory) to the GPU memory (device memory), using CUDA in-
structions, such as cudamemcpy. Moreover, the host code has to state the number
of threads executing the kernel function and the organization of them. Threads
execute the kernel code, and they are organized into a three-level hierarchy as it
is shown in figure 3. At the highest level, each kernel creates a single grid that
consists of many thread blocks. Each thread block can contain up to 512 threads,
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Fig. 2. Nvcc compilation process

which can share data through Shared Memory and can perform barrier synchro-
nization by invoking the —syncthreads primitive [31]. Besides, thread blocks can not
perform synchronization. The synchronization across blocks can only be obtained
by terminating the kernel.

Furthermore, the host code calls the kernel function like a C function by passing
parameters if it is needed, and also by specifying the number of threads per block
and the number of blocks making up the grid. Each block within the grid has their
own identifier [22]. This identifier can be one, two or three dimensions depending
on how the programmer has declared the grid, accessed via .z, .y, and .z index
fields. Each thread within the block have their own identifier which can be one, two
or three dimensions as well. Combining thread and block identifiers, the threads
can access to different data address, and also select the work that they have to do.

The kernel code is specified through the key word __global__ and the syntax is:
__global__ kernelName <<< dimGrid, dimBlock >>> (...parameter list...) where
dimGrid and dimBlock are three-elements vectors that specify the dimensions of
the grid in blocks and the dimensions of the blocks in threads, respectively [21].

3.3 Threading model

A SM is a hardware device specifically designed with multithreaded capabilities.
Each SM manages and executes up to 1024 threads in hardware with zero schedul-
ing overhead. Each thread has its own thread execution state and can execute an
independent code path. The SMs execute threads in a Single-Instruction Multiple-
Thread (SIMT) fashion [16]. Basically, in the SIMT model all the threads execute
the same instruction on different piece of data. The SMs create, manage, schedule
and execute threads in groups of 32 threads. This set of 32 threads is called Warp.
Each SM can handle up to 32 Warps (1024 threads in total, see table 2). Individual
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Fig. 3. Thread organization in CUDA programming model

threads of the same Warp must be of the same type and start together at the same
program address, but they are free to branch and execute independently.

Table 2. Major Hardware and Software Limitations programing on CUDA

Configuration Parameters|Limitation
Threads/SM 1024
Thread Blocks/SM 8
32-bit Registers/SM 16384
Shared Memory/SM 16KB
Threads/Block 512
Threads/Warp 32
Warps/SM 32
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The execution flow begins with a set of Warps ready to be selected. The instruc-
tion unit selects one of them, which is ready for issue and executing instructions.
The SM maps all the threads in an active Warp per SP core, and each thread
executes independently with its own instructions and register state. Some threads
of the active Warp can be inactive due to branching or predication, and it is also
another critical point in the optimisation process. The maximum performance is
achieved when all the threads in an active Warp takes the same path (the same
execution flow). If the threads of a Warp diverge, the Warp serially executes each
branch path taken, disabling threads that are not on that path, and when all the
paths complete, the threads reconverge to the original execution path.

4 Design of the Simulator for Recognizer P Systems

In this section we briefly describe the simulator of recognizer P systems with
active membranes, elementary division and polarization. Firstly, we explain the
previous work that we have done in order to prepare the development of the
parallel simulator on the GPU. Then, we introduce the algorithm design in the
CUDA programming language, and finally, we finish with our simulator’s design.

4.1 Design of the baseline simulator

As previously mentioned, CUDA programming model is based on C/C++ lan-
guage. Therefore, the first recommended step when developing applications in
CUDA is to start from a baseline algorithm written in C++, where some parts
can be susceptible to be parallelized on the GPU.

In this work, we have based on the simulator for P systems with active mem-
branes developed in PLinguaCore by I. Pérez—Hurtado et al [5]. This sequential
(or single-threaded) simulator is programmed in JAVA, so the first step was to
translate the code to C++.

The simulator is executed into two main stages: selection stage and execution
stage. The selection stage consists of the search for the rules to be executed in
each membrane. Once the rules have been selected, the execution stage consists of
the execution of these rules.

The input data for the selection stage consists of the description of the mem-
branes with their multisets (strings over the working alphabet O, labels associated
with the membrane in H, etc...), and the set of rules R to be selected. The output
data of this stage is the set of selected rules. Only the execution stage changes the
information of the configuration. It is the reason because execution stage needs
synchronization when accessing to the membrane structure and the multisets. At
this point of implementation, we have parallelized the selection stage on the GPU,
and the execution stage is still executed on the CPU because of the synchronization
problem.

We also have developed an adapted sequential simulator for the CPU (called
fast sequential simulator), which has the same constraints as the CUDA simulator
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explained in the next subsections to make a fair comparison among them. This
simulator achieves much better performance than the original sequential simulator.

4.2 Algorithm design in CUDA

Whenever we design algorithms in the CUDA programming model, our main effort
is dividing the required work into processing pieces, which have to be processed
by TB thread blocks of T threads each. Using a thread block size of T=256, it is
empirically determined to obtain the overall best performance on the Tesla C1060
[28]. Each thread block access to one different set of input data, and assigns a
single or small constant number of input elements to each thread.

Each thread block can be considered independent to the other, and it is at
this level at which internal communication (among threads) is cheap using explicit
barriers to synchronize, and external communication (among blocks) becomes ex-
pensive, since global synchronization only can be achieved by the barrier implicit
between successive kernel calls. The need of global synchronization in our designs
requires successive kernel calls even to the same kernel.

4.3 Design of the parallel simulator

GPU
Thread Block 1 Thread Block n

Threads Threads

O 1 2 oo,

254

2 = 13
8 =18
< S

O 1 2 oo,

abocde f ... abocde f ...

Multiset - Multiset

of Objects of
Object
Membrane O Membrane n

Fig. 4. Mapping membranes and objects with thread blocks and threads

In our design, we identify each membrane as a thread block where each thread
represents at least an element of the alphabet O (figure 4). Each thread block runs
in parallel looking for the set of rules that has to select for its membrane, and each
individual thread is responsible for selecting the rules associated with the object
that it represents (each thread selects the rules that need to be executed by using
the represented object).

As result of the ezecution stage, the membranes can vary including news el-
ements, dissolving membranes, dividing membranes, etc. Therefore, we have to
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modify the input data for the selection stage with the newest structure of mem-
branes, and then call the selection again. It is an iterative process until a halting
configuration is reached.

Finally, our simulator presents some limitations, constrained by some pecu-
liarities in the CUDA programming model. The main limitations are showed in
table 3, and the following stand out among them: it can handle only two levels
of membrane hierarchy for simplicity in synchronization (the skin and the rest of
elementary membranes), which is enough for solving lots of NP-complete prob-
lems; and the number of objects in the alphabet must be divisible by a number
smaller than 512 (the maximum thread block size), in order to distribute the ob-
jects among the threads equally.

Table 3. Main limitations in the parallel simulator

Parameter Limitation

Levels of membrane hierarchy 2

Maximum alphabet size 65535

Maximum label set size 65535

Maximum multiplicity of an object in an 65535

elementary membrane

Alphabet size Divisible by a number smaller than 512

5 A Case of Study: Implementing a Solution to the
N-Queens problem

In this section, we briefly present a solution to the N-Queens problem, given by
Miguel A. Gutiérrez—Naranjo et al [10], using our simulator.

5.1 A family of P systems for solving the N-Queens problem

The N-Queens problem can be expressed as a formula in conjunctive normal
form, in such way that one truth assignment of the formula is considered as N-
Queens solution. A family of recognizer P system for the SAT problem [27] can
state whether exists a solution to the formula or not sending yes or no to the
environment,.

However, the yes ot no answer from the recognizer P system is not enough
because it is also important to know the solutions. Besides, the system needs to
give us the way to encode the state of the N-Queens problem.

The P system designed for solving the N-Queens problem is a modification
of the P system for the SAT problem. It is an uniform family of deterministic
recognizer P system which solves SAT as a decision problem (i.e., the P system
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sends yes or no to the environment in the last computation step), but it also stores
the truth assignments that makes true the formula encoded in the elementary
membranes of the halting configuration.

5.2 Implementation

P-Lingua 1.0 [5] is a programming language useful for defining P system models
with active membranes. We use P-Lingua to encode a solution to the N-Queens
problem, and also to generate a file that our simulator can use as input. Figure 5
shows the P-Lingua process to generate the input for our simulator.

Binary .

o /

Input

P-Lingua

4 bb
e File
d vdo
o I et ]

Fig. 5. Generation of the simulator’s input

P-Lingua 2.0 [7] translates a model written in P-Lingua language into a binary
file. A binary file is a file whose information is encoded in Bytes and bits (not
understandable by humans like plain text), which is suitable for trying to compress
the data. This binary file contains all the information of the P system (Alphabet,
Labels, Rules, ...) which is executed by our simulator.

In our tests, we use the P system for solving the 3-Queens and 4-Queens prob-
lems. The former creates 512 membranes and up to 1883 different objects. The
latter creates 65536 membranes and up to 8120 different objects, and now the
simulator can handle it because we have decreased the memory requirement by
the simulator in [18]. On one hand, the P system for 5-Queens needs to generate
33554432 membranes and 25574 objects, what leads in a memory space limitation
(requires up to 1.5TB). On the other hand, note that 2-Queens is a system with
only 4 membranes, what is not enough for exploiting the parallelism in P systems.

6 Performance Analysis

We now examine the experimental performance of our simulator. Our performance
test are based on the solutions to 3-Queens and 4-Queens problems previously
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explained in 5.2. They state an example of how a NP-complete problem can be
solved by the simulator for the P systems with active membranes. We report
the selection stage time which is executed on the GPU, and compare it with
the selection stage for the fast sequential code. We do not include the cost of
transferring input (and output) data from (and to) host CPU memory across
the PCI-Express bus to the GPU’s on board memory, which negatively affects
to the overall simulation time. Selection is one building block of a larger-scale
computation. Our aim is to get a full implementation of the simulator on the
GPU. In such case, the transfers across PCI-Express bus will be close to zero.

We have used the Nvidia GPU Tesla C1060 which has 240 execution cores and
4GB of device memory, plugged in a computer server with a Intel Core2 Quad
CPU and 8GB of RAM, using the 32bits ubuntu server as Operating System.

The selection stage on the GPU takes about 171 msec for the 3-Queens. So
it is 2.7 times faster than the selection stage on the CPU which takes 465 msec.
For the 4-Queens problem our simulator is 2 times faster than the fast sequential
version, taking 315291 and 629849 msec in selection respectively.

Our experimental results demonstrate the results we expect to see: a massively
parallel problem such as selection of the rules in a P-System with active membranes
achieves faster running times on a massively parallel architecture such as GPU.

7 Conclusions and Future Work

In this paper, we have presented a simulator for the class of recognizer P systems
with active membranes using CUDA. P system computations have a double par-
allel nature. The first level of parallelism is presented by the objects inside the
membranes, and the second one is presented between membranes. Hence, we have
simulated these P systems in a platform which provides those levels of parallelism.
This platform is the GPU, with parallelism between thread blocks and threads.
Besides, we have used a programming language called P-Lingua to encode P sys-
tems as input for our simulator. This tool helped us to use the P system for solving
the N-Queens problem in order to test our simulator.

Using the power and parallelism that provides the GPU to simulate P systems
with active membranes is a new concept in the development of applications for
membrane computing. Even the GPU is not a cellular machine, its features help
the researches to accelerate their simulations allowing the consolidation of the
cellular machines as alternative to traditional machines.

The first version of the simulator is presented for P systems with active mem-
branes, elementary division and polarization, specifically, we have developed the
selection stage of the simulator on the GPU. In forthcoming versions, we will in-
clude the execution version on the GPU. This issue allows a completely parallel
execution on the GPU, avoiding CPU-GPU transfers in every step, which degrades
system performance.
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Moreover, we are working to obtain fully simulation of P systems with active
membranes, deleting the limitations showed in table 3. Besides, we will include
new funcionality in the simulator like not elementary division.

It is also important to point out that this simulator is limited by the resources
available on the GPU as well as the CPU (RAM, Device Memory, CPU, GPU).
They limit the size of the instances of NP-complete problems whose solutions
can be successfully simulated. Although developing general purpose programs on
the GPU is easier than several years ago with tools such as CUDA, to extract the
maximum performance of the GPU is still hard, so we need to make a deep analysis
to obtain the maximum performance available for our simulator. For instance, in
the following versions of the simulator we will reduce the memory requirements
in order to simulate bigger instances of NP-complete problems and avoid idle
threads, by deleting objects with zero multiplicity. For this task we can use spare
matrix in our simulator’s design.

The massively parallel environment that provides the GPUs is good enough
for the simulator, however, we need to go beyond. The newest cluster of GPUs
provides a higher massively parallel environment, so we will attempt to scale to
those systems to obtain better performance in our simulated codes.

Finally, we will study the adaptation of the design of P systems to the con-
straints of the GPU to make faster simulations. Furthermore, it would be inter-
esting to avoid the brute force algorithms in P system computations, and start
to design heuristics in the design of membrane solutions (i.e. avoiding membrane
division as possible).
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Summary. We have recently developed a prototype hardware implementation of mem-
brane computing based on reconfigurable computing technology called Reconfig-P. The
existing hardware design treats reaction rules as the primary computational entities and
represents regions only implicitly. In this paper, we present an alternative hardware de-
sign that more directly reflects the intuitive conceptual understanding of a P system
and therefore promotes the extensibility of Reconfig-P. A key feature of the design is
the fact that regions, rather than reaction rules, are the primary computational entities.
More specifically, in the design, regions are represented as loosely coupled processing
units which communicate objects by message passing. Experimental results show that
for many P systems the region-oriented and rule-oriented designs exhibit similar perfor-
mance and hardware resource consumption. To accomplish a seamless integration of the
rule-oriented and region-oriented designs and other alternative implementation strate-
gies in Reconfig-P, and to make Reconfig-P amenable to future integration of additional
implementation strategies, we have produced a new version of P Builder, our intelli-
gent hardware source code generator. The sophisticated new design for P Builder was
produced in accordance with a novel design pattern called Content-Form-Strategy. We
describe the design and implementation of the new version of P Builder in the paper.

1 Introduction

We have recently developed a prototype hardware implementation of membrane
computing based on reconfigurable computing technology called Reconfig-P. The
existing hardware design treats reaction rules as the primary computational en-
tities and represents regions only implicitly. Consequently there is not always a
direct mapping between the components of the intuitive conceptual understanding
of a P system and the hardware components. Such indirectness is a byproduct of
our attempt to simplify the hardware circuit and therefore promote the perfor-
mance and efficiency of Reconfig-P. Nevertheless, a more faithful rendering of the
intuitive conceptual understanding of a P system in hardware would have benefits



386 V. Nguyen, D. Kearney, G. Gioiosa

for the extensibility of Reconfig-P. In particular, it would facilitate the process of
augmenting Reconfig-P to support additional types of P systems. In this paper,
we present an alternative hardware design that more directly reflects the intuitive
conceptual understanding of a P system and therefore promotes the extensibility
of Reconfig-P. A key feature of the design is the fact that regions, rather than
reaction rules, are the primary computational entities. More specifically, in the
design, regions are represented as loosely coupled processing units which commu-
nicate objects by message passing. Experimental results show that for many P
systems the region-oriented and rule-oriented designs exhibit similar performance
and hardware resource consumption. To accomplish a seamless integration of the
rule-oriented and region-oriented designs and other alternative implementation
strategies in Reconfig-P, and to make Reconfig-P amenable to the future integra-
tion of additional implementation strategies, we have produced a new version of P
Builder, our intelligent hardware source code generator. The sophisticated new de-
sign for P Builder was produced in accordance with a novel design pattern called
Content-Form-Strategy. We describe the design and implementation of the new
version of P Builder in the paper.

The contents of the paper are as follows. In Section 2, we discuss the background
to the research described in the paper. In Section 3, we describe the region-oriented
hardware design. In Section 4, we explain some aspects of our implementation of
regions in hardware. In Section 5, we describe the motivation for a new version of
P Builder, and describe its design and implementation. In Section 6, we present
the results of an empirical analysis of the hardware resource consumption and per-
formance of hardware circuits using the region-oriented design. Finally, in Section
7, we draw some conclusions regarding the significance of our contributions.

2 Background

2.1 The intuitive conceptual understanding of a P system

Although in one sense a P system is a pure mathematical construct, in another
sense a P system is seen as having non-mathematical properties. For example, in
an informal discussion of P systems one might speak of membranes ‘dissolving’,
of regions being ‘inside’ other regions, or of objects being ‘consumed’ by reaction
rules. The very frequent use of such physicalistic metaphors in describing the
operation of a P system is, of course, a result of the fact that P systems have since
their introduction been modelled after biological cells. The biological interpretation
of a P system, far from being dispensable, provides one with a means of intuitively
grasping the computational characteristics of P systems.

According to what we call the intuitive conceptual understanding of a P sys-
tem, a P system comprises a hierarchy of membranes, each of which defines a
region that contains a collection of objects and is associated with a set of reac-
tion rules. The P system evolves in a series of stages. At each stage, the reaction
rules in every region are applied. The application of the reaction rules in a region
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results in the occurrence of an object transformation process within the region.
The object transformation processes in the different regions occur independently.
Sometimes an object transformation process results in the movement of objects
between regions. Therefore, although the processes in the different regions occur
independently, they may influence each other indirectly by influencing their re-
spective inputs for the next stage of the evolution of the P system.

Given the intuitive conceptual understanding of a P system, in the context
of implementing P systems on a computing platform, it is natural to regard a P
system as a collection of distributed processing units (the object transformation
processes occurring in the different regions) that interact only by means of message
passing (the transfer of objects).

2.2 Current status of Reconfig-P

Reconfig-P [8] [9] is an implementation of membrane computing based on recon-
figurable hardware (specifically, a field-programmable gate array!) that is able to
execute P systems at high performance. It exploits the reconfigurability of the
hardware by constructing and synthesising a customised hardware circuit for the
specific P system to be executed. The hardware circuit is constructed using the
hardware specification language Handel-C [2].

To maximise performance and minimise hardware resource consumption, the
current version of Reconfig-P takes a minimalistic approach to the implementa-
tion of the features of a P system in hardware. According to this approach, only
those features of the intuitive conceptual understanding of a P system absolutely
necessary to the computational operation of a P system are implemented explic-
itly as processing units or data structures. As a consequence, some features that
are of primary importance in the conceptual understanding of a P system are
not explicitly represented as components of the hardware circuits generated by
the current version of Reconfig-P. Most significantly, membranes and the regions
defined by membranes are not explicitly represented. Instead, the existing imple-
mentation represents these features implicitly as logical constructions arising from
the connections that exist between processing units corresponding to the reaction
rules and arrays corresponding to the multisets of objects available in the regions
of the P system. In other words, the conceptual model of a P system underlying
the design of the current version of Reconfig-P includes only reaction rules and
multisets of objects as primary features; membranes and regions are not directly
represented in the model, but must be inferred on the basis of the connections
that exist between the reaction rules and multisets of objects.

! A standard field-programmable gate array (FPGA) consists of a matrix of configurable
logic blocks (CLBs). The CLBs, which are connected by means of a network of wires,
can be used to implement logic or memory. The functionality of the logic blocks and
the connections between them can be modified by loading configuration data from a
host computer. In this way, any custom digital circuit can be mapped onto the FPGA,
thereby enabling it to execute a variety of applications.
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2.3 Motivation for the alternative hardware design

Although it promotes performance and efficiency, the hardware design used in
the existing version of Reconfig-P has some disadvantages. These disadvantages
diminish the elegance, understandability (and therefore maintainability), flexibility
and extensibility of Reconfig-P. First, by deviating from the intuitive conceptual
understanding of a P system, the design is not as elegant and understandable as it
could be. Second, the design does not facilitate the implementation of P systems
that represent membranes as active entities or include membrane-mediated rules
(such as symport and antiport rules). Third, the design removes the possibility of
adopting an elegant region-oriented strategy for the distribution of computation
across parallel processing units. These three disadvantages have motivated us to
develop an alternative hardware design.

The alternative hardware design proposed in this paper, which we call the
region-oriented design, is intended to

e promote the elegance and understandability of Reconfig-P by more closely re-
flecting the intuitive conceptual understanding of a P system,

e promote the extensibility of Reconfig-P by providing a framework within which
the future implementation of additional types of P systems — especially P
systems that include cell-to-cell connections (e.g., tissue-like P systems [12]
and spiking neural P systems [6]), represent membranes as active entities, or
include membrane-mediated rules (e.g., [1], [10], [3], [11] and [12]) — can more
easily be achieved, and

e facilitate an elegant region-oriented approach to the distribution and paralleli-
sation of the computational activities occurring in a P system.

A region-oriented approach to the distribution of the computational activities
occurring in a P system is desirable because, not only does it match the intuitive
conceptual understanding of how these activities are distributed in a P system,
it also allows a very natural means of scaling the amount of available hardware
resources to suit the size of the P system to be executed. For example, one can
envision implementing a P system using multiple hardware circuits, where each
hardware circuit implements the processing associated with a particular region (or
subhierarchy of regions) of the P system. Indeed, the techniques developed in im-
plementing a region-oriented approach could be adapted to allow the composition
of whole P systems into larger systems. That is, these techniques could be adapted
to allow hardware circuits implementing distinct P systems to communicate and
therefore form a larger system.

3 The region-oriented hardware design

In this section, we provide an overview of the region-oriented hardware design.
For the sake of simplicity, in this overview we do not treat aspects of the design
related to nondeterministic object distribution.
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¥ b main (void)
{
unsigned 8 Reg;
L C v chan C;
clE #| C7 Reg
par
W h 4 {
cC ! 8; // ‘send’
C 7 Reg; // ‘receive’
W W }
}

Fig. 1. Example of a Handel-C chan (channel) construct being used to implement com-
munication between two parallel branches.

3.1 Basic characteristics of the design

In the region-oriented hardware design, instead of being represented only implicitly,
regions are implemented explicitly as hardware components. More specifically, the
design has the following three key attributes:

1. Regions are implemented as core processing units.

2. Region processing units operate independently. That is, each region processing
unit coordinates all the activities occurring in one particular region of the P
system and is not aware of activities occurring in other regions.

3. The movement of objects between regions is implemented as message passing
between region processing units.

A key aspect of the region-oriented implementation is the use of the chan
(channel) construct of Handel-C to accomplish inter-region communication. The
chan construct supports the implementation of synchronous communication be-
tween parallel processing units. The example Handel-C code in Figure 1 shows a
channel C being used to transfer the value 8 to the register Reg.

3.2 Region processing units

Similar to the rule processing units in the rule-oriented design, the region process-
ing units in the region-oriented design complete the execution of a transition in two
phases: an object assignment phase and an object production phase?. In the object
assignment phase, a region processing unit determines the maximum number of

2 The object assignment phase and object production phase roughly correspond to the
preparation phase and updating phase in the rule-oriented design, respectively (see [8]
for details)



390 V. Nguyen, D. Kearney, G. Gioiosa

instances, and hence the applicability status, for each reaction rule in the region
in the current transition. In the object production phase, a region processing unit
carries out the consumption, production and communication of objects for the
reaction rules in the region based on their maximum number of instances. In the
case of P systems that contain reaction rules with relative priorities, the region
processing unit must calculate the maximum numbers of instances for those reac-
tion rules with higher priorities before doing so for those reaction rules with lower
priorities. To save clock cycles, the region processing unit carries out the object
consumption for the reaction rules with higher priorities in the object assignment
phase rather than in the object production phase.

Object assignment phase

An important aspect of the hardware design for the object assignment phase is
the way in which the region processing unit respects the relative priorities of
the reaction rules (if indeed such priorities are defined), while minimising the
number of clock cycles required to complete the phase by avoiding the processing
of inapplicable reaction rules.

It is an assumption of the design that reaction rules in a region that consume
common object types are assigned relative priorities (using the relation >, which
is to be interpreted as ‘has higher priority than’). Given this assumption, the set
of reaction rules in a region may be partitioned into (a) a collection of singleton
sets, where for each reaction rule not related by priority to any other reaction
rule, there is exactly one singleton set containing that reaction rule in the collec-
tion, and there are no other singleton sets in the collection, and (b) a collection
of totally >-ordered sets, where each reaction rule related by priority to another
reaction rule is in exactly one totally >-ordered set, and if two reaction rules have
relative priorities then they belong to the same totally >-ordered set. In the ex-
ample illustrated in Table 1, the columns correspond to totally >-ordered sets
of reaction rules. The totally >-ordered sets are: Ty = {R11, R12, Ri3, R14, R15},
T = {RQl,R227R237R24,R25}, and T3 = {R31,R32,R33,R34}. From the sets in
the partition formed in this way, one or more partially time-ordered sets of reac-
tion rules can be constructed that may be interpreted as indicating the possible
temporal orders in which the region processing unit can process the reaction rules
in the object assignment phase. The constraints on the possible temporal orders
are that (a) reaction rules with the same priority should be processed at the same
time, and (b) reaction rules with relative priorities should be processed one after
the other according to their priorities.

The temporal order in which the region processing unit should process reaction
rules in the object assignment phase can be determined at compile-time as follows:
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In parallel
In sequence
Process reaction rules in T}
In sequence
Process reaction rules in 75
In sequence
Process reaction rules in 73

Which of the possible temporal orders is actually followed depends on how
many clock cycles are required to process each specific reaction rule.

It might appear that this static approach allows the degree of parallelisation to
be maximised. However, the approach neglects the fact that reaction rules may be
inapplicable at the outset of the object assignment phase or become inapplicable
as other reaction rules are assigned objects, and therefore may not need to be fully
processed in the phase. To maximise the performance of the implementation, we
use a technique that avoids the processing of inapplicable reaction rules. Naturally,
such a technique must be applied at run-time. The technique involves checking the
applicability status of reaction rules both at the beginning of the phase and when-
ever any objects have been assigned to a reaction rule, and using this applicability
information to determine the temporal order in which the currently applicable
reaction rules should be processed in order to minimise the total number of clock
cycles used in the remainder of the phase. For the example shown in Table 1,
after checking the applicability of the reaction rules at the beginning of the object
assignment phase, the region processing unit determines that only reaction rules
Ry1, R13, R15, Ros, R3o and Rsy are applicable. Based on this information and
the totally >-ordered sets 71, T5 and T3, it determines that the currently most
time-efficient way of processing the reaction rules is to first process R11, Ro5 and
R3o in parallel, then process Ry3 and R34 in parallel, and finally process Ris5. It
then proceeds to process Ri1, Ros and Rso in parallel. After doing this, it again
checks the applicability of the reaction rules, and based on the applicability infor-
mation obtained re-evaluates the temporal order in which the currently applicable
reaction rules should be processed. The region processing unit continues in this
way until no reaction rules are applicable.

It is desirable to implement the dynamic determination of the partially time-
ordered set of executable reaction rules in as few clock cycles as possible. In our
current implementation, the number of clock cycles required to perform this task
is 0. See Section 4 for details about our implementation.

Object production phase

In the object production phase, a region processing unit (a) updates the multiplic-
ities of the object types in its region and attempts to send objects to and receive
objects from the other regions, and then (b) updates the multiplicities of the ob-
ject types in its region based on the objects it has received from other regions. All
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Execution order|Reaction rules Execution order Reaction rules
1 R11|R21| R31 1 Rii1:a |R21:nalR3q:na
2 R12|R22| Ra2 2 Ri2:na|Roz:na| R3z2:a
3 R13|R23| R33 3 Ri3:a |R23:na|R33:na
4 R14|R24| Raa 4 Ri4:na|Re4:na| R3s:a
5 R1s5(R25 5 Ris:a | Ros:a

Table 1. An illustration of how a region processing unit determines the order in which
to process reaction rules in the object assignment phase. The region processing unit
begins with a preliminary order determined at compile-time, as shown in the table on
the left. At the start of the object assignment phase, the region processing unit checks
the applicability of the reaction rules. The results of the applicability check are shown in
the table on the right (applicable reaction rules are labelled ‘a’, and inapplicable reaction
rules ‘na’). The region processing unit then updates the processing order by removing
the inapplicable reaction rules from consideration. The reaction rules that the region
processing unit processes immediately after the first applicability check are shown in
boldface.

of the updating and communication tasks are accomplished in a massively parallel
manner.

To resolve resource conflicts that may occur in the object production phase (i.e.,
situations in which the multiplicity of an object type is to be updated by more than
one parallel process), the region-oriented design includes two resource conflict reso-
lution strategies: the space-oriented strategy and the time-oriented strategy. These
strategies are similar to those adopted in the rule-oriented hardware design (see [8]
and [9]). In the space-oriented strategy, copy registers are created for those object
types whose multiplicities are to be updated by more than one parallel process,
and the relevant parallel processing units store the updated multiplicity values in
their assigned copy registers. The time-oriented strategy involves interleaving the
operations of distinct parallel processes so that update operations which would
conflict if executed in the same clock cycle are executed in different clock cycles.

The space-oriented strategy is implemented in basically the same way in both
the rule-oriented and region-oriented hardware designs, with a couple of differ-
ences. The first difference is that, whereas in the rule-oriented design a special
multiset replication coordinator processing unit needs to be introduced to coor-
dinate the values stored in the copy registers, in the region-oriented design this
coordination task can be performed by the already introduced region processing
unit. The second difference is that in the region-oriented design copy registers do
not need to be introduced for processing units sending objects to the region from
other regions, because the already introduced register dedicated to the storage of
the data received over the relevant communication channel can be used as a copy
register. As in the rule-oriented design, in the region-oriented design, when the
space-oriented strategy is used, the object production phase takes two clock cycles
to complete. In the first clock cycle, register updates implementing the production
of objects by reaction rules local to the region are performed. In the second clock
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cycle, the values stored in the various registers representing multiplicity values of
object types (including registers associated with channels) are coordinated, and
the new multiplicity values for the object types in the region are stored in the
original registers storing such values.
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Fig. 2. An illustration of the region-oriented hardware design in comparison to the
rule-oriented hardware design for a sample P system. (a) The sample P system. (b)
The region-oriented design for the sample P system in which regions are implemented
as processing units that communicate via channels. (c¢) The rule-oriented design for the
sample P system in which reaction rules are implemented as processing units.

The time-oriented strategy is implemented differently in the two designs. In the
rule-oriented design, the way in which updates are interleaved over time can be
completely determined at compile-time, and so can be hard-coded into the source
code defining the hardware circuit (see [8] and [9]). In the region-oriented design,
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a distinction is drawn between internal objects and external objects for a region in
a particular transition. The internal objects of a region in a transition are those
objects produced in the transition by one of the reaction rules associated with
the region. Objects sent to the region during the transition from other regions are
external to the region. While it is possible to determine at compile-time the ap-
propriate interleaving for updating operations occasioned solely by the production
of internal objects, the interleaving for updating operations occasioned wholly or
partly by the receipt of external objects must be determined at run-time. This
is because, to preserve the independence of region processing units, information
about when it might receive external objects is unavailable to the relevant region
processing unit. To accomplish the run-time determination of the interleaving, an
approach based on the use of semaphores is used.

3.3 Synchronisation

It is necessary to synchronise the execution of the object assignment phases of
distinct region processing units. Without such synchronisation, it would be possible
for objects produced in the object production phase for one region to be sent to
another region still in its object assignment phase, thereby improperly interfering
with the results of the object assignment phase in that region.

Unlike in the rule-oriented design, where synchronisation of the object assign-
ment phases of reaction rules across regions is implemented explicitly using signals
and flags, the synchronisation of the execution of the object assignment phases of
distinct region processing units in the region-oriented design is implemented in a
more implicit manner by having region processing units communicate over chan-
nels.

Channels are also used to perform explicit synchronisation at the end of each
transition. The region-oriented design includes a system coordination processing
unit which is responsible for coordinating the execution of the region processing
units so that the transition-by-transition evolution of the P system can be re-
alised. The system coordination processing unit is connected to each of the region
processing units via dedicated synchronisation channels. Once a region processing
unit has completed all of its tasks for a particular transition, it sends a signal
down its synchronisation channel. Once the system coordination processing unit
has received a signal from every region processing unit, it triggers a new transition.

One potential problem associated with the use of channels to implement the
movement of objects between regions is the occurrence of deadlock. Handel-C
channels operate in a synchronous manner. That is, once a pair of processing units
have started engaging in a communication, neither the sending nor the receiving
processing unit can move on to perform other tasks until the communication has
been accomplished. Consequently, unless the operations of sending and receiving
objects among region processing units are conducted in an appropriate order,
deadlock can occur. To prevent deadlock from occurring we ensure that the channel
communications for different regions are carried out in distinct parallel branches
of execution.
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Fig. 3. An illustration of the implementation of a P system with an antiport rule (aa,
in; b, out) using the region-oriented design. In this example, two instances of the antiport
rule are executed.

3.4 Extensibility of the design

The region-oriented hardware design makes it possible to implement P systems
with features that require the explicit presence of membranes in an intuitive way.
In particular, each membrane can be implemented as a processing unit associated
with two region processing units (corresponding to the inner and outer regions of
the membrane) (see Figure 3). Such a membrane processing unit could, for exam-
ple, mediate the exchange of objects between regions effected by antiport rules.
For an antiport rule to be applicable, enough objects of the right types need to be
available in both regions. As each of the two region processing units for the two
regions do not know the multiset of objects available in the other region, it is not
possible for the region processing units to implement the antiport rule on their
own — a membrane processing unit is also required. Nevertheless, it is still pos-
sible for the membrane processing unit to remain quite independent from the two
region processing units. For example, the region-oriented hardware design could
be augmented to implement antiport rules as follows. The region processing units
for the inner and outer regions send objects to a membrane processing unit. The
membrane processing unit attempts to couple objects in the way specified by the
antiport rule, and sends coupled objects to their destination regions and returns
uncoupled objects to their regions of origin. In this way, not only do the region pro-
cessing units not know about each other’s multiset of objects, but the membrane
processing unit does not need to know this information either. It is sufficient that
both region processing units know about the existence of the membrane processing
unit.



396 V. Nguyen, D. Kearney, G. Gioiosa

4 Implementing regions in hardware

In this section, we describe how the regions of a P system are implemented using
Handel-C when the region-oriented hardware design is adopted.

4.1 Atomic operations associated with the application of reaction rules

From one perspective, the overall behaviour of a P system emerges from the ap-
plication of reaction rules. At the implementation level, the execution of a single
application of a reaction rule involves the execution of a certain number of in-
stances of each of a set of logically atomic operations:

Rule execution = (pDIV, ¢MIN, rMUL, sSUB, tCOM, uADD), where

p=0orl,q,r, s, t, u>0, DIV denotes the operation of dividing the mul-
tiplicity of the objects of a given type available in the region by the number of
objects of that type required for the application of one instance of the reaction
rule, MIN denotes the operation of computing the maximum number of instances
of the reaction rule that can be applied in the current transition, MUL denotes
the operation of computing the number of objects of a particular object type to be
consumed/produced by the reaction rule in the current transition, SUB denotes
the operation of reducing the multiplicity of a particular object type available
in the region (by a certain amount), COM denotes the operation of sending (or
attempting to send) a certain number of objects of a particular type to a par-
ticular region, and ADD denotes the operation of increasing the multiplicity of a
particular object type available in the region (by a certain amount).

In Reconfig-P, each of the above operations is realised as an atomic operation.
These atomic operations are the building blocks for the construction of any partic-
ular hardware circuit. The names of the operations reflect the main computational
operations involved in their implementation. Mapping the atomic operations onto
a hardware circuit requires making decisions about their temporal granularity. At
fine granularity, an operation is performed over multiple clock cycles and therefore
needs to be decomposed into suboperations. At coarse granularity, an operation
is performed in one clock cycle. Although assigning a logically atomic operation
a fine granularity at implementation results in a greater number of clock cycles,
it often reduces logic depth, and therefore can lead to an increased system clock
rate.

To determine the appropriate degree of granularity for a given logically atomic
operation, it is necessary to examine the implementation characteristics of the
operation in terms of hardware resource consumption and logic depth. Multipli-
cation and division can generate complicated combinatorial circuits and therefore
in general are expensive to implement in one clock cycle. However, in the specific
case of the execution of a P system, in both multiplication and division operations
one of the operands is a constant. This significantly reduces the logic depth of
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the combinatorial circuits that implement the operations®. Addition and subtrac-
tion are relatively inexpensive operations and, based on the performance results
for the current version of Reconfig-P (reported in [8]), do not compromise the
performance of the hardware circuit. Given these considerations, in the hardware
implementation the default scenario is that each of the logically atomic operations
is performed in one clock cycle. However, to accommodate situations in which a
large number of processing units is required and therefore the system clock rate
would otherwise be compromised significantly, P Builder has the ability to gen-
erate the hardware circuit in such a way that the logically atomic operations are
performed over several clock cycles.

4.2 Implementations of the logically atomic operations

We now describe how we have implemented the logically atomic operations iden-
tified in the previous section in hardware.

DIV and MUL The DIV and MUL operations are implemented in a similar way.
The obvious implementation approach is to devote a separate piece of hardware
to the execution of each of the operations for each reaction rule. However, this
approach would lead to unnecessary duplication of hardware resources because it
is often the case that different reaction rules consume/produce the same number
of objects for an object type (i.e., the multiplicity of the consumed/produced
object type is the same in the definitions for the reaction rules). Duplication of
hardware resources can be particularly problematic when Handel-C is used as the
specification language, since the Handel-C compiler generates distinct pieces of
hardware for the same division or multiplication operation if this operation occurs
in different places in the source code. Our solution to the problem of unnecessary
hardware duplication is to have distinct DIV/MUL operations which share the
same operands implemented as a single processing unit, and for the collection
of all such processing units to be implemented as a pool of servers. The DIV
and MUL servers continuously perform their respective division/multiplication
operations. They execute their operation in one clock cycle, and then store the
result in an output register. Each of the servers has direct access to the data
for both operands for its operation, and so operates totally independently from its
clients. A client processing unit that needs to evaluate one of the relevant divisions
or multiplications is required to invoke the appropriate server (but is not required
to supply any input to the server). It first waits for one clock cycle (to allow the
server to execute its operation with the current values for the operands), and then
reads the appropriate output register to obtain the result. As there is one division
pool and one multiplication pool per region (rather than for the P system as a

3 The Xilinx Virtex-II FPGA used in the implementation contains hardware multipliers
that allow efficient and high-performance implementation of multiplication operations
[13]. However, where one of the operands is a contant, multiplications can be more ef-
ficiently implemented on slices using either bitshifts or constant coefficient multipliers.
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Fig. 4. An illustration of the implementation of a pool of DIV servers.

whole), our implementation approach does not cause routing problems. Figure 4
shows an example of a pool of DIV servers.

MIN For reasons similar to those described above, a pool of processing units is
used to perform MIN operations. By default, each MIN operation is implemented
as a hard-coded Handel-C macro expression which executes in one clock cycle.
However, as the logic depth of a MIN operation is linearly proportional to the
numbers of object types consumed by the reaction rules in the region, a MIN
operation can easily be subjected to logic depth reduction.

SUB As reaction rules with relative priorities are not processed simultaneously,
there are two implementations of the SUB operation: SUBy; and SUBgr. SUB); is
used for those reaction rules that are unrelated by priority to any other reaction
rule. It is implemented in Handel-C as a macro expression, which corresponds to
a single unshareable piece of hardware with both operands hard-coded. SUBy is
used for reaction rules with relative priorities. It is implemented as a Handel-C
function, which corresponds to a single shareable piece of hardware. Since in gen-
eral the subtractions performed by different reaction rules have different operands,
to make SUBp processing units shareable among the processes implementing the
application of reaction rules, the implementation of a SUBg processing unit op-
erates at the level of object types rather than at the level of reaction rules. More
specifically, there is a SUBp processing unit for each object type.

ADD All ADD operations (which are used in the implementation of the produc-
tion of objects by reaction rules, a process which is not subject to any temporal
constraints) can in principle be executed simultaneously. However, unless appro-
priate precautions are taken, the parallel execution of ADD operations can result
in parallel processes attempting to update the same register at the same time.
There are two main strategies for the avoidance of such update conflicts: the time-
oriented strategy and the space-oriented strategy (see Section 3.2).

When the space-oriented strategy is used, for each copy register there is one
ADD); processing unit responsible for updating that register. Each ADDy; process-
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ing unit is implemented as a Handel-C macro. This allows all updating operations
in the object production phase to be completed in one clock cycle.

When the time-oriented strategy is used, there are three types of processing
units implemented. The first type, called ADDyy, is used to update the multiplic-
ity value for an object type with no conflicts. The second type, called ADDg, is
used to update the multiplicity value for a local object type with conflicts. The
third type, called ADDg, is used to update the multiplicity value for an external
object type. ADDg implements semaphore-based interleaving using the trysema
and releasesema constructs provided by Handel-C.

COM COM operations, which apply only to the region-oriented design, are im-
plemented using channels (see Section 3). Whenever it is possible for objects to
move from one region to another region, the implementation includes a channel
connecting the region processing unit for the source region to the region process-
ing unit for the destination region. There are various ways in which one could
implement inter-region communication using channels. The approach one takes
influences the number of channels required, as well as the amount of processing
needed to complete sending and receiving operations. We will now briefly discuss
three possible implementation methods.

In the first method, for every reaction rule r in a region = that sends objects
(of any type) to a region y, there is exactly one channel connecting the region
processing units for x and y. This channel is used only for the distribution of objects
produced by r. Therefore, the data sent over the channel must allow the region
processing unit for y to determine which object types are being sent and how many
of each type are being sent. To avoid making the definition of r available to the
region processing unit for y (and thereby compromising the independence of this
region processing unit), this could be achieved by having the region processing unit
for x send an n-tuple over the channel, where n is the number of object types found
in the whole P system (not only those produced by r destined for y), which contains
for each object type found in the whole P system the multiplicity of that object
type being sent to y. Upon receiving the n-tuple, the region processing unit for y
would proceed to update the multiset array for y. Obviously, if there are multiple
reaction rules in x that produce objects destined for y, there will be multiple
channels between the region processing units for  and y. The region processing
unit for y would need to coordinate the data received over these channels, as it
would receive data relating to the same object type on different channels.

As it is possible to determine at compile-time which types of objects might
be produced by which reaction rules and sent to which regions, it is possible to
hard-code the relevant pieces of this information in the implementation of the
receiving region processing unit. The second method of implementing inter-region
communication illustrates this possibility. To implement this method, we would
need to relax (albeit to a minimal extent) our requirement that region processing
units be independent of each other. In the method, for each reaction rule r in a
region x and for each object type o produced by r to be sent to a region y, there
is exactly one channel connecting the region processing units for z and y. This
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Fig. 5. An illustration of different strategies of implementing inter-region communication
using channels. Diagram (a) illustrates the first method mentioned in the text, diagram
(b) illustrates the second method, and diagram (c) illustrates the third method.

channel is used only for the distribution of objects of type o produced by r destined
for y. Assume that the region processing unit for y has access to information about
which channel is associated with which object type. Then the region processing
unit for z needs to send only the multiplicity value for o (i.e., the number of objects
of type o that are to be sent in the current transition) down the channel. As in
the first method, because the region processing unit for y might receive objects of
the same type on different channels, it needs to coordinate the data received over
the different channels before proceeding to update the multiset array for y.

In the third method, for every object type that might be produced in a region x
and sent to a region y, there is exactly one channel between the region processing
units for x and y. Again assume that the region processing unit for y knows which
channel is associated with which object type. In this scenario, the region processing
unit for x needs to evaluate for each object type the total number of objects of
that type to send before engaging in the relevant channel communication. Once
it has done this, it sends a single value down the channel. The region processing
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unit for y simply stores this value in the appropriate register of the multiset array
for .

Figure 5 illustrates the three methods of implementing inter-region communi-
cation described above.

We now discuss the relative merits of the three methods of implementing inter-
region communication. As regards faithfulness to the biological inspiration of P
systems, we rank the third method highest. The first method is perhaps the least
in keeping with the biological inspiration of P systems. If we regard the channels
in the implementation as representations of cellular transport mechanisms (such
as ion channels and osmosis), and reaction rules as representations of chemical
reactions, then according to the first method each cellular transport mechanism
facilitates the transportation of only the products of a single chemical reaction. In
the general case, this is biologically unrealistic. The second method is also quite
removed from the biological inspiration of P systems in that cellular transport
mechanisms would again be regarded as facilitating the transportation of only the
products of a specific chemical reaction. The third method is the most biologically
realistic because, in this method, cellular transport mechanisms would be regarded
as facilitating the transportation of single types of chemicals (such as potassium
ions), as is commonly found in biological cells. As regards the extent to which
the independence of region processing units is preserved, the first method ranks
highest, with the second and third methods being roughly equivalent. Even so,
neither the adoption of the second method nor the adoption of the third method
would result in a significant reduction in the independence of region processing
units. This is because in these methods the information a region processing unit
possesses about other region processing units is available only in an implicit sense.
The information is embedded into the very structure of the region processing unit,
and so the region processing unit does not explicitly refer to this information
when carrying out its operations. As regards efficiency, the third method ranks
highest, both in terms of the number of channels used and the amount of processing
required. Based on the considerations just outlined, we decided to adopt the third
method when implementing the region-oriented design.

4.3 Linking and synchronisation

In the previous section, we described the hardware components that implement the
logically atomic operations. To realise operations occurring at the level of reaction
rules, at the level of regions, or at the level of the entire P system, it is necessary to
link and synchronise the execution of these basic components. In this section, we
describe how the components are linked and synchronised to accomplish some of
the processing performed by a region processing unit. We have chosen to focus on
this particular case because it is fundamentally important to the region-oriented
design.

Figure 6 shows a high-level UML activity diagram for the object assignment
phase of the execution of a region processing unit (see Section 3.2 for a description
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of this phase). Hardware components for logically atomic operations (described in
Section 4.2) are represented as shaded boxes in the diagram. This section contains
a description of how the other aspects of the diagram — the control flow, linking
and synchronisation represented by arrows, solid bars and unshaded boxes — are
implemented in hardware.

Linking and synchronisation within a region processing unit

To implement the simple internal control flow within a region processing unit, we
use the basic control constructs provided by Handel-C. For example, the arrows in
the activity diagram shown in Figure 6 are implemented using the seq construct,
the solid bars are implemented as par constructs, and diamonds are implemented
using conditional constructs such as if.

Linking and synchronisation between a region processing unit and
external processing units

In the implementation of the object assignment phase of a region processing unit, it
is necessary to link the region processing unit with processing units implementing
the logically atomic operations DIV, MIN, MUL, SUB and ADD, and to syn-
chronise the execution of the region processing unit with these other processing
units.

In our implementation, processing units may be categorised according to
whether they execute constantly without invocation or execute only when invoked.
Among the processing units that execute constantly are the processing units im-
plementing the DIV and MUL operations as well as a processing unit responsible
for checking whether at least one reaction rule in the region is applicable (see
below). Due to the continuous execution of these processing units, when a region
processing unit uses one of these processing units, it needs to read the register in
which the processing unit stores the result of its computation. However, to ensure
that it reads the result applicable to the current transition, the region processing
unit must wait for the currently applicable data to be stored in the register. This
can be done by inserting the appropriate number of delay statements in the rel-
evant section of the Handel-C code implementing the region processing unit or,
preferably, by having the region processing unit perform other processing during
the clock cycles over which the external processing unit is performing the currently
applicable computation. As for the processing units that must be invoked, a re-
gion processing unit can invoke these processing units efficiently by using a set of
signals and flags as follows:
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//Processing unit 1:
while(1) {

signal = 1; // clock cycle x

}

//Processing unit 2:
while(1) {

par{
flag = signal; //clock cycle x
if(flag == 1) {
... //clock cycle x+1
} else
delay;

Checking the region applicability status

Our implementation of the region-oriented design includes for each region process-
ing unit a processing unit which is responsible for checking whether at least one
reaction rule in the relevant region is applicable. This processing unit is used by
the region processing unit for the purpose of preemptive termination. After the
region processing unit calculates the maximum number of instances of a reaction
rule, it immediately records the applicability status of the reaction rule in a 1-bit
register. The external processing unit reads the applicability registers for all the
reaction rules in the region, computes whether there is at least one applicable reac-
tion rule, and then writes the result to a 1-bit output register. Therefore there is a
single delay statement in the Handel-C code implementing the region processing
unit just before the code implementing the reading of the output register.

Reporting completion

As mentioned in Section 3.3, our implementation of the region-oriented design
includes a system execution coordinator processing unit, which is responsible for
checking whether all region processing units have completed their executions for
the current transition, and triggering a new system transition when this condition
is satisfied. In the implementation, once it has completed its operations for the cur-
rent transition, a region processing unit signals this fact to the system execution
coordinator via a synchronisation channel (see Figure 2). The following Handel-C
code shows how this is achieved in the case where there are two region processing
units.
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//Region processing unit 1
while(1) {

synChani !1; //report completion

}
//Region processing unit 2
while(1) {
synChan2 !1; //report completion
}
//System execution coordinator
while(1) {
par {
synChanl ? templ; //receive completion signal on first channel
synChan2 ? temp2; //receive completion signal on second channel
}
//trigger new transition
}

Determining which reaction rules are applicable

As discussed in Section 3.2, when processing reaction rules in the object assignment
phase, it is advantageous for a region processing unit to check the applicability
of the reaction rules. If a reaction rule is inapplicable, it need not be processed
further. The implementation approach for the applicability checking operation
that most readily comes to mind is the use of if and else constructs. However,
because the Handel-C compiler enforces an else implementation with every if
implementation, unless one is willing to spread the operation over multiple clock
cycles, this approach will in general result in a deeply nested if-else construction.
This problem does not arise if goto statements are used instead of else constructs.
Consequently, in our implementation we use goto statements. Such statements are
inserted just before the code implementing the processing of a reaction rule, and
allow this code to be skipped. The combination of goto statements results in a
hardware state machine which allows the region processing unit to process the
reaction rules in the most time-efficient manner. Specifically, if it is found that
a reaction rule is inapplicable, the control will jump to the part of the code for
the reaction rule with the highest priority out of all the remaining reaction rules.
Because if and goto statements take zero clock cycles to execute, no clock cycles
are wasted in determining which reaction rule should be processed next. Taking
this implementation approach allows the various reaction rules to be processed in
a consistent manner, and therefore greatly simplifies the control flow required for
the processing of the reaction rules.
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5 Design and implementation of a new version of P Builder

The existing version of Reconfig-P implements only the rule-oriented hardware de-
sign. In the previous sections, we have described a new design, the region-oriented
design. The region-oriented design has several attractive features, such as its faith-
fulness to the intuitive conceptual understanding of a P system and its modularity.
Nevertheless, the rule-oriented design has features which make it preferable to the
region-oriented design in many scenarios. For example, since the adoption of the
rule-oriented design can result in a higher system clock rate, a user of Reconfig-P
might prefer to use the rule-oriented design when high performance is a prior-
ity. Given that the rule-oriented design and region-oriented design have different
strengths and weaknesses, it is desirable to include both in Reconfig-P. That way,
the decision about which design is most suited to the problem at hand can be
left to the user or made based on an analysis of the characteristics of the input P
system.

P Builder, implemented in Java, is the component of Reconfig-P responsible
for generating customised Handel-C source code for the input P system. When
developing the new version of Reconfig-P, we re-engineered P Builder so that
it can accommodate both the rule-oriented and region-oriented designs. When re-
engineering P Builder, we aimed at promoting its maintainability and extensibility
through the use of appropriate software engineering design patterns. In this section,
we explain the design and implementation of the new version of P Builder.

5.1 Requirements for the new version of P Builder

When determining the hardware specification for the input P system, P Builder
aims to maximise performance and minimise hardware resource consumption. The
existing version of P Builder achieves this aim, as evidenced by the fact that the
existing version of Reconfig-P delivers a good balance between performance, flex-
ibility and scalability as a computing platform for membrane computing applica-
tions. Performance refers to the extent to which the system can execute P systems
in a time-efficient manner. Flexibility refers to the extent to which the system can
support the execution of a variety of classes of P systems. And scalability refers
to the extent to which the system can support the execution of large P systems.
Our primary purpose in re-engineering P Builder was to improve the flexibility of
Reconfig-P, while not too significantly compromising its existing levels of perfor-
mance and scalability. More specifically, our primary purpose was to broaden the
range of implementation approaches according to which P system models can be
realised as hardware circuits, and to develop a sophisticated object-oriented design
that promotes the maintainability and especially the extensibility of Reconfig-P,
where extensibility refers to the extent to which the system can readily be aug-
mented to support additional P system models and additional implementation
approaches.
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Fig. 7. The high-level architecture of the new version of P Builder, which was developed
according to the Content-Form-Strategy design pattern.

5.2 Design methodology

In the design of the new version of P Builder, our guiding design principle was
that of separation. First, we viewed the hardware implementation for a P system
as a complex of form and content, and attempted to treat the formal aspects
of this complex in isolation from its content. Second, we attempted to cleanly
separate the different functions performed by P Builder. We achieved the first
type of separation through the use of a novel design pattern, and achieved the
second type by allocating different functions to different modules. We now briefly
discuss these separation strategies.

The Content-Form-Strategy design pattern

The basic problem that P Builder is intended to solve is the generation of Handel-C
source code for a hardware circuit which implements an input P system according
to one of a variety of alternative implementation strategies (for example, with a
rule-oriented design and space-oriented resource conflict resolution). This problem
can be viewed as an instance of a more general problem: that of producing an
algorithm for the solution of a problem, where this algorithm must be constructed
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according to one of a variety of possible implementation strategies. An implemen-
tation strategy does not affect the logical characteristics of an algorithm, but only
its implementation characteristics (such as performance or memory usage). When
constructing such an algorithm, it is beneficial to separate as much as possible
the logical characteristics of the algorithm from its implementation characteris-
tics. Not only does this make the algorithm easier to understand, it also facilitates
the use of new implementation strategies in the future. However, it is often quite
difficult to achieve a clean separation of the logical and implementation aspects
of an algorithm. Our novel design pattern, which we call Content-Form-Strategy,
prescribes a general solution to the general problem just outlined.

A key idea of the Content-Form-Strategy pattern is that an algorithm may be
viewed as a complex of form and content, where the units of content are logically
atomic computational operations and the form is the way in which these units of
content relate to each other logically and temporally. If an algorithm is viewed
as a flowchart such as that shown in Figure 6, then the shaded boxes in the
flowchart comprise the content of the algorithm, and the diamonds, arrows, bars
and unshaded boxes comprise the form of the algorithm. Note that computational
operations that are included in the algorithm solely for the purpose of linking and
synchronising other computational operations are regarded as part of the form
of the algorithm (they would be represented as unshaded boxes in a flowchart).
A strategy for the construction of an algorithm influences both the content and
form of the algorithm. That is, different strategies may require the inclusion of
different logically atomic computational operations, and will necessitate different
logical and temporal relationships between these operations.

The solution prescribed by the Content-Form-Strategy design pattern consists
of nine steps:

1. Define an abstract model of an algorithm as expressed in the desired imple-
mentation language.

2. For each implementation strategy, identify the logically atomic computational
operations in terms of which the algorithm to be constructed can be defined.

3. Express the logically atomic operations identified in step 2 in terms of the
elements of the abstract model of an algorithm defined in step 1.

4. For each implementation strategy, and for each of the logically atomic op-
erations identified in step 2, determine (a) the preprocessing operations and
postprocessing operations (if any) for the execution of the operation, (b) the
data writing (if any) performed by the operation, and (c) the temporal rela-
tionship of the operation with all the other logically atomic operations.

5. Express the preprocessing operations, postprocessing operations, data writing
and temporal relationships determined in step 4 in terms of the elements of
the abstract model of an algorithm.

6. Based on the results of steps 2 and 4, identify (a) the logically atomic com-
putational operations that apply to all implementation strategies, and (b) in-
variant preprocessing operations, postprocessing operations, data writing and
temporal relationships (i.e., those preprocessing operations, postprocessing op-
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erations, data writing and temporal relationships that obtain regardless of the
implementation strategy).

7. Based on the result of step 6, define a template algorithm which specifies the
features common to all possible algorithms for all implementation strategies
in terms of the elements of the abstract model of an algorithm.

8. For each implementation strategy, define an algorithm for the filling out of the
template algorithm defined in step 7 in terms of the elements of the abstract
model of an algorithm.

9. Express each of the algorithms defined in step 8 in the desired implementation
language.

Table 2 illustrates how the Content-Form-Strategy design pattern applies to the
specific problem of generating Handel-C source code for a circuit that implements
an input P system according to one of a variety of alternative implementation
approaches.

Modularisation

The new version of P Builder has been designed as a set of modules. Components
within a module are relatively tightly coupled, whereas components in different
modules are relatively loosely coupled. Each module has a well-defined interface
which indicates the high-level functions performed by the components in the mod-
ule. Via this interface, components in other modules can make use of these func-
tions. Because of the relatively loose coupling between modules, future modifica-
tions to a module will usually not necessitate changes in other modules. Clearly,
this improves the maintainability of P Builder.

5.3 Overview of the design and implementation

Figure 7 shows the high-level architecture of the new version of P Builder. This
architecture was designed according to the Content-Form-Strategy design pattern.
The UML class diagram shown in Figure 10 indicates how some elements of the
architecture are implemented as classes.

The main modules in P Builder are P System Representation, Strategies, Oper-
ation Builder, System Utilities, State Machine and Hardware Circuit Abstraction.
The modules have been designed and implemented with the aid of object-oriented
design patterns [4], which prescribe thoroughly tested and effective solutions to de-
sign problems, and therefore enable the creation of flexible, elegant and reusable
object-oriented designs?. We now briefly describe the modules.

4 For more information about object-oriented design patterns, we refer the reader to [4],
the classic reference in the field.
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P System Representation

The P System Representation module provides an object-oriented representation of
a P system. It specifies classes of entities (such as Region, Rule and ObjectType),
attributes of these classes (such as the mul-

tiplicity attribute of the ObjectType class), and relationships that hold between
classes (such as the reflexive one-to-many relationship of containment that holds
for the Region class). The main purpose of this module is to allow P Builder to
represent the input P system as an object.

Hardware Circuit Abstraction

The Hardware Circuit Abstraction module provides an abstract representation of
a Handel-C specification of a hardware circuit.

A hardware circuit may be regarded as a complex processing unit composed
of simpler processing units. The most elegant and efficient way to represent such
a compositional structure of processing units in an object-oriented system is to
use of the Composite design pattern [4]. This pattern prescribes a way of repre-
senting part-whole hierarchies using tree structures of objects. The advantage of
using the Composite pattern is that it allows atomic objects (individual objects)
and composite objects (trees of objects) to be treated uniformly. Therefore in P
Builder we represent a Handel-C specification of a hardware circuit as a tree of
processing units. There are two types of processing units: parallel processing units
and sequential processing units. A processing unit may contain other processing
units. If a sequential processing unit contains other processing units, then these
other processing units are to be executed sequentially. If a parallel processing unit
contains other processing units, then these other processing units are to be ex-
ecuted in parallel. A processing unit which is not composed of other processing
units is called an atomic processing unit. For the sake of neatness, we regard an
atomic processing unit as a parallel processing unit. Each atomic processing unit is
associated with the specification of an operation, which we call a statement, which
executes in the smallest possible time interval. Atomic processing units correspond
to Handel-C statements, which execute in one clock cycle. The root node of the
tree of processing units, which is called the root processing unit, represents the
full execution of the hardware circuit. It corresponds to the main function in the
Handel-C program for the circuit. In the region-oriented design, the region pro-
cessing units are immediate children of the root processing unit, whereas in the
rule-oriented design the immediate children of the root processing unit include the
rule processing units. The leaf nodes of the tree are all atomic processing units.
To allow for the representation of control flow, every processing unit begins with
a preprocessing phase and ends with a postprocessing phase. Each type of phase
consists of a sequence of zero or more operations. Such an operation might be the
checking of a condition (for example, the condition for a while loop), the execu-
tion of a single statement (for example, the storage of data in a register), or the
execution of a collection (block) of statements.
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Aspect of Content-
Form-Strategy pattern

Example of how the aspect applies to
the generation of a hardware
circuit for a P system

Algorithm to be
generated

Handel-C program that specifies the
hardware circuit for the input P system

Current implementation
approaches

Rule-oriented /region-oriented design;
space-oriented /time-oriented resource
conflict resolution; deterministic/
nondeterministic execution

Possible future
implementation approaches

Alternative algorithms for
nondeterministic object distribution

Logically atomic
computational operations

DIV, MIN, MUL, SUB, COM, ADD
(see Section 4.2)

Preprocessing for the
execution of a logically
atomic operation

An ADD operation proceeds only
if the corresponding reaction
rule is applicable

Temporal relationship
between logically atomic
operations

A SUB operation should execute
only after its associated
MIN operation has executed

Operations included solely
for the purpose of linking
and synchronisation

Operations performed
by system execution
coordinator

Abstract model of an algorithm
as expressed in the
implementation language

Abstract model of a
hardware circuit as expressed in
a Handel-C program

Template algorithm

An algorithm that specifies
the high-level stages of a
transition (e.g., object assignment)

Filling out of
the template algorithm

Inclusion of object assignment
for reaction rules with
priorities and object production when
space-oriented strategy is used
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Table 2. Illustration of how the Content-Form-Strategy design pattern applies to the
problem of generating Handel-C source code for a circuit that implements an input P
system according to one of a variety of implementation approaches.

The UML class diagram in Figure 9 explains how these ideas are represented in
the implementation of P Builder. Figure 8 shows an example of Handel-C source
code generated from a tree of processing units. The correspondence between the
processing units and code sections is marked in the figure.
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Fig. 8. Illustration of the correspondence between Handel-C source code and a tree of se-
quential processing units (SPUs), parallel processing units (PPUs) and atomic processing
units (APUs).

General design for all modules

All the modules share the same basic structure. More specifically, each module
contains four layers. The top layer is an interface which is exposed to the other
modules. The rest of the layers constitute a hierarchy of classes. The second layer
is a class that implements general operations for the module. When a client mod-
ule requests that one of these operations be performed in a certain way, the class
returns the specific subclass that implements the operation as requested. The third
layer consists of classes responsible for implementing specific overall implementa-
tion strategies (the currently available overall implementation strategies are the
rule-oriented and region-oriented strategies). The bottom layer consists of classes
responsible for implementing resource conflict resolution strategies (the currently
available resource conflict resolution strategies are the space-oriented and time-
oriented strategies).

Strategies

The Strategies module contains classes that realise different overall strategies for
the implementation of a P system on a hardware circuit. Currently there are
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Fig. 9. The main classes of entities used in an abstract representation of a hardware
circuit.

classes for the rule-oriented and region-oriented strategies. This module could be
extended to include classes for other strategies, such as nondeterministic reaction
rule application (see [7]).

GeneralStrategy

The top-level class of this module is GeneralStrategy. This class implements
the features common to all strategies. Depending on the requirements of the client
using the Strategies module, a specific strategy for the implementation of the input
P system on a hardware circuit needs to be applied. To decouple the client from the
various complex algorithms for the specific strategies, the Strategy design pattern
[4] is used. This design pattern states that a family of algorithms solving the same
problem in different ways should be defined in such a way that (a) the algorithm
that is used to solve the problem for a client is selected dynamically based on
the specific requirements of the client, and (b) the client does not need to know
which particular algorithm is used. In our design, the algorithms for the different
strategies are implemented in different subclasses of the GeneralStrategy class,
which implements the StrategyInterface interface. When a client wishes for the
strategy most appropriate to its requirements to be applied, it needs only to pass
its requirements as parameters to an instance of a class called StrategySelector,
which returns an instance of a subclass of GeneralStrategy which satisfies the
requirements, and then invoke the execute () method of the returned instance. So
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all the client needs to know is its own requirements and the interface specified in
StrategylInterface.

One way of implementing different strategies for the hardware representation
of the execution of a P system and for resource conflict resolution is to implement
each specific algorithm in a separate class. However, taking such an approach
would likely result in duplication of code, which is bad for maintainability. Hence
a better implementation approach is required.

As discussed in Section 3.2, the high-level execution algorithm that underlies
each of the different implementation strategies consists of an object assignment
phase and an object overall production phase, each of which is defined in terms of
a set of logically atomic operations. Distinct strategies for the hardware represen-
tation of the execution of a P system differ with respect to the way in which the
logically atomic operations are put together to realise high-level operations. There-
fore, we implement the high-level execution algorithm in the GeneralStrategy
class, and implement the specialised versions of the execution algorithm for the
different strategies in different subclasses of GeneralStrategy. This is achieved in
an elegant way through the use of the Template design pattern [4]. By following
this design pattern, we can enforce that specialised algorithms in the subclasses
conform to the high-level algorithm, and make the implementation transparently
reflect the logical characteristics of the execution of a P system. A template method
in a superclass defines the skeleton of an algorithm, which can be filled out in
different ways in different subclasses. That is, a subclass fills some or all of the
placeholders in the template method in order to implement a more specialised algo-
rithm. As shown in Figure 10, the algorithms defined by the assignObjects() and
produceObjects () methods, which implement the object assignment and object
production phases in terms of the logically atomic operations, are implemented as
template methods. They define the sequence of logically atomic operations that
needs to be executed to accomplish the processing for the relevant phase. Each
method is declared as final in order to prevent subclasses from overriding the
method (and therefore from being able to change the order in which the logically
atomic operations are executed). To define specialised algorithms, one need only
provide implementations of the logically atomic operations in the subclasses of the
class containing the template method.

SpecificImplementationStrategy

A SpecificImplementationStrategy class implements the execution algorithm
for a specific overall implementation strategy (i.e., currently either the rule-
oriented strategy or region-oriented strategy). This can be achieved by (a) im-
plementing the relevant atomic operations defined in the template methods for
assignObjects() and produceObjects() so that the object assignment and ob-
ject production phases take on the specific behaviours characteristic of the imple-
mentation strategy, and/or (b) implementing suitable wrapper code for the object
assignment and object production phases.
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Fig. 10. A high-level view of the major modules in P Builder and their relationships.
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SpecificImplementationAndConflictResolutionStrategy

A SpecificImplementa-

tionAndConflictResolutionStrategy class represents a strategy combining both
an overall implementation strategy and a resource conflict resolution strategy
(e.g., a combination of the region-oriented implementation strategy and the time-
oriented resource conflict resolution strategy). The class implements the specific
resource conflict resolution strategy by implementing the methods relevant to re-
source conflict resolution. For instance, because the updating of the multiset of
objects in a region is accomplished in different ways in the different resource con-
flict resolution strategies, the definition of the method which is devoted to this
operation is deferred to the SpecificImplementationAndConflictResol-
utionStrategy classes.

Builder

Instead of having each implementation class implement the complicated steps of
generating the source code for a logically atomic operation, which would result
in complicated code, we separate the actual construction of complex objects from
the high-level procedure or algorithm according to which the construction is to
proceed by delegating the actual construction to other classes. This is done in
accordance with the Builder design pattern [4].

The Builder module has a similar structure to the Strategy module, and the
classes in each of its layers fulfil similar roles. Briefly, a BuilderManager determines
the specific Builder to instantiate and execute based on the options passed by the
client to the Strategies module. The BuilderInterface interface specifies the ba-
sic functionality of Builder instances. The Builder class defines a template method
which specifies all the steps a specific Builder implementation should execute (see
Figure 10), and is responsible for selecting the specific Builder to execute given the
client’s requirements. The SpecificBuilder classes implement concrete Builder
implementations for specific atomic operations (e.g., ADDBuilder, DIVBuilder and
COMBuilder). The classes in the bottom layer of the module refine these concrete
Builder implementations in order to accommodate the overall implementation
strategy and conflict resolution strategy.

One of the major operations a concrete Builder implementation carries out is
generateFunctionPUnit, which involves generating the hardware component that
implements a specific logically atomic operation. There may be more than one ap-
proach to the implementation of the operation. For instance, at present the MIN
operation is implemented as a macro expression which executes in one clock cycle.
However, when the input P system is large, one might wish to apply logic-depth
reduction in the implementation of this operation, or implement the operation in a
different way. To add flexibility to the implementation of hardware components for
the logically atomic operations, the Visitor pattern [4] is used. The Visitor pattern
applies to contexts in which an operation needs to be performed on elements of
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an object structure. It allows a new operation to be defined without changing the
classes of the elements on which it operates. The source code below illustrates how
the Visitor pattern allows the addition of a new method of implementing the MIN
operation — a method which reduces the logic depth of the operation — without
changing any of the existing classes.

interface MINMethod {
generateMINImplementation() ;
getNumber0fClockCyclesConsumed(); //needed for synchronisation purposes

}

class NoLogicDepthMIN implements MINMethod {

}

class LogicDepthMIN implements MINMethod {

}

class MINBuilder{
MINMethod method; //the method of implementing MIN
public MINBuilder() {
method = new NoLogicDepthMIN;//default method is NoLogicDepthMIN

}

public void accept (MINMethod newMethod){
method = newMethod; //set the method of implementing MIN
public void generateFunctionPUnit(){
method.generateMINImplementation();

StateMachineGenerator

This module implements the linking and synchronisation of processing units dis-
cussed in Section 4.3 by generating the appropriate state machines. This involves
using the control constructs of Handel-C (e.g., if and for) to implement basic state
machines, as well as defining special-purpose components for the implementation of
high-level linking and synchronisation of application-level processing units. When
generating hardware source code for an operation, the Builder classes implement
the state machine for the internal implementation of the operation. The StateMa-
chineGenerator module is different in that it implements state machines for the
linking and synchronisation of application-level processing units: at the level of
reaction rules, at the level of regions, and at the level of the whole P system.
The representation of the hardware circuit as a tree structure of processing
units (see Section 5.3) facilitates powerful and flexible approaches to the imple-
mentation of state machines. A ProcessingUnitManager is able to traverse the
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tree of processing units. It can link and synchronise processing units by adding
code to the preprocessing and postprocessing phases of the processing units. The
added code can take on the form of a conditional expression, a single statement or
a block of statements. It can create new processing units, delete processing units,
include a processing unit in another processing unit, and modify the temporal
relationships between processing units.

As already mentioned, the StateMachineGenerator module generates state ma-
chines at three levels. These three levels are handled by three different classes:
RuleStateMachine, RegionStateMachine and SystemStateMachine. For exam-
ple, if the region-oriented implementation strategy is adopted, SystemStateMach-
ine produces state machines and processing units (such as the system execution
coordinator mentioned in Section 3.3) for the synchronisation of the execution of
region processing units in order to accomplish the transition-by-transition evolu-
tion of the P system.

Utilities

To ensure that the names of variables, functions, macros, signals and other con-
structs in the Handel-C representation of a hardware circuit consistently follow
predefined naming conventions, a class called NameGenerator is implemented.
This class contains a method for each type of construct that returns a unique
identifier following the relevant naming convention. Although the functionality of
NameGenerator is quite basic, it plays a fundamental role in the generation of
understandable code, and therefore in the promotion of the maintainability of P
Builder.

In the source code generated for a hardware circuit, various types of procedures
are repeated in different parts of the code. For example, the procedure of initial-
ising an array of registers is usually instantiated multiple times. A class called
FunctionGenerator contains various methods which, when invoked with the ap-
propriate parameters, returns the code for common types of procedures specialised
according to the parameters. By eliminating duplication of code, the inclusion of
FunctionGenerator promotes the maintainability of P Builder.

A class called SystemConstants defines all of the constant values used by the
various components of P Builder. Defining the constant values in one place has
two advantages, both of which promote the maintainability of P Builder. First, if
any of these constants need to be modified in the future, only one modification
needs to be made. Second, it eliminates the possibility of different components
giving different values to the same constant, and therefore helps to prevent errors.

GenerationContext

To avoid the passing of parameters related to the current status of P Builder’s
operations (e.g., the region of the input P system currently being processed by P
Builder), which can be error-prone and inefficient, a class called GenerationContext
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is implemented using the Singleton design pattern [4]. The use of the Singleton
pattern ensures that there is only one instance of the class. The various classes
of objects implementing the functionality of P Builder access the fields of this
instance in order to obtain information about the current status of P Builder’s
operations, and also update these fields in order to reflect changes to this status
brought about by their own operations.

6 Evaluation of the region-oriented design

In this section, we evaluate our new region-oriented hardware design. More specif-
ically, we report on the hardware resource consumption and clock rates exhibited
by hardware circuits implementing P systems using the region-oriented design,
and compare the results obtained with those obtained for hardware circuits imple-
menting P systems using the rule-oriented design. We conclude the section with
comments about the performance and scalability of the region-oriented hardware
design in particular and Reconfig-P in general.

6.1 Details of the experiments

In the experiments, Reconfig-P was used to synthesise hardware circuits for a set of
input P systems, according to different implementation strategies. This hardware
source code was then synthesised into hardware circuits. The target hardware
platform was a Virtex-II RC2000.

Table 3 describes the characteristics of the input P systems used in the ex-
periments, including the number of regions and reaction rules in the P system,
the number of objects (i.e., the product of the number of object types and the
number of regions), the number of inter-region communications of object types in
the definitions of reaction rules, the number of communication channels used in
the implementation of the P system, and the total number of resource conflicts.
In the table, P systems P1 through to P5 are used to test the effect of increasing
the size of the input P system, and P6 and P7 are used to investigate the effect of
using channels for the communication of objects and the effect of using semaphores
for the dynamic updating of multisets of objects, respectively. Unlike P systems
P1 through to P5, which have region hierarchies, P system P7 contains regions
connected in a tissue-like fashion. P7 was included in order to facilitate the testing
of the effect of having large numbers of communications and channels.

6.2 Experimental results
Efficiency of hardware circuits using the region-oriented design

Figure 11 illustrates the hardware circuits generated for the input P system P5
(which contains 5 regions and 50 reaction rules) using different implementation
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P system|Rules|Regions| Total objects|Inter-region communications|Channels| Total conflicts
P1 10 1 3 80 0 21
P2 20 2 6 16 5 32
P3 30 3 9 36 9 32
P4 40 4 12 44 12 40
P5 50 5 15 49 15 42
P6 50 25 75 74 64 42
P7 50 25 200 319 315 45

Table 3. Details of the input P systems used in the experiments.

strategies. In keeping with the desired logical independence of regions in the region-
oriented design, the five regions are realised as five separate, decoupled processing
units on the hardware circuits using this design (‘region-oriented circuits’). In
contrast to the region-oriented circuits, the circuits using the rule-oriented de-
sign (‘rule-oriented circuits’) implement the P system as 50 rule processing units
which operate both within and across the (merely conceptual) regions, resulting
in intermingled, strongly coupled circuits (especially when the time-oriented con-
flict resolution strategy is used). Although regions are not explicitly represented
when the rule-oriented design is used, it is still possible to discern the regions in
the rule-oriented, space-oriented circuits. This is a consequence of the existence of
processing units which operate at the region level (e.g., processing units involved
in the replication of registers storing the multiplicity values of object types in a
region and in the coordination of the values stored in these registers) and therefore
implicitly represent regions.

Hardware resource consumption

The results of the experiments demonstrate that region-oriented circuits tend to
be more efficient in terms of hardware resource consumption than rule-oriented
circuits. This is because (a) there are fewer core processing units to realise (since
the number of regions is usually smaller than the number of reaction rules) in
region-oriented circuits than in rule-oriented circuits, and (b) the number of chan-
nels used to implement inter-region communication, the main extra resource used
in the region-oriented design, is minimised in our design and is therefore rela-
tively small in general. As expected, among region-oriented circuits, those circuits
using the time-oriented resource conflict strategy (region-oriented time-oriented
circuits) consume fewer hardware resources than those using the space-oriented
resource conflict strategy (region-oriented space-oriented circuits).
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Region-oriented, space-oriented circuit
e

Rule-oriented, space-oriented circuit Rule-oriented, time-oriented circuit

Fig. 11. Hardware circuits implementing input P system P5.

However, when the number of regions becomes large (e.g., in P system P6), the
hardware resource consumption exhibited by region-oriented circuits is similar to
that exhibited by rule-oriented circuits. If the number of communications is also
large, and the number of channels used is large due to the specific characteris-
tics of these communications (as is the case in, for example, P system P7), the
hardware resource consumption exhibited by region-oriented circuits is greater
than that exhibited by rule-oriented circuits. It is notable that in this case the
region-oriented time-oriented circuits consume more hardware resources than the
region-oriented space-oriented circuits. This is because our time-oriented conflict
resolution strategy performs static interleaving for updating operations only for
local objects (which account for only 2% of all updating operations in the case of
P system P7) and therefore has to rely on Handel-C semaphores for the updating
of external objects (a method which is less efficient in terms of hardware resource
consumption).
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Resource consumption (%LUT) Clock rate (MHz)

P Region-oriented | Rule-oriented P Region-oriented | Rule-oriented
system| Space- | Time- | Space- | Time- system| Space- | Time- | Space- | Time-
oriented|oriented|oriented|oriented oriented |oriented |oriented [oriented

P1 2.03 1.83 2.25 2.08 P1 63.84 | 65.62 | 67.20 | 66.96
P2 3.82 3.53 4.24 3.75 P2 60.07 | 64.63 | 66.05 | 64.30
P3 5.72 5.47 6.49 5.79 P3 58.15 | 60.41 | 66.51 | 66.52
P4 7.34 7.16 8.29 7.69 P4 63.69 | 59.67 | 66.18 | 66.47
P5 9.20 8.85 10.43 9.33 P5 58.9 | 58.52 | 65.78 | 64.90
P6 12.28 | 11.68 | 12.00 | 11.81 P6 65.74 | 66.56 | 65.95 | 63.61
P7 1420 | 14.72 | 13.00 | 13.32 P7 58.79 | 43.48 | 62.50 | 60.00

Table 4. Experimental results for the hardware resource consumption and clock rates
exhibited by circuits implementing the P systems listed in Table 3 according to various
implementation strategies.

Clock rates

The clock rates achieved by region-oriented circuits tend to be lower than those
achieved by rule-oriented circuits. This is due to the logic depth associated with
the dynamic determination of applicable reaction rules in the object assignment
phase in region-oriented circuits. However, the lower clock rates are compensated
by a possible reduction in the number of clock cycles consumed in region-oriented
circuits: the dynamic determination of applicable reaction rules guarantees that
an optimal number of clock cycles is used in each round of the object assignment
phase in region-oriented circuits, which is something that cannot be guaranteed
in rule-oriented circuits. Therefore, in general the performance of region-oriented
circuits is satisfactory. Having said this, however, when the object production
phase involves a large number of external objects (as is the case in P system P7),
the clock rate achievable by region-oriented time-oriented circuits is significantly
reduced due to the logic depth associated with the use of semaphores.

Other observations

The experimental results show that circuits generated by Reconfig-P are very
efficient in terms of hardware resource consumption, with the biggest P system
P7 consuming only 14% of the total available resources when the region-oriented
strategy is used and only 12% when the rule-oriented strategy is used.

As the target computing platform used in the experiments was the Virtex-II
RC2000, the maximum clock rate at which a hardware circuit could execute and
communicate with the host computer was 656 MHz. Given this maximum clock
rate, the clock rates achieved by all the generated circuits are satisfying, especially
when one considers that Reconfig-P did not apply logic-depth reduction in the
experiments.
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Reconfig-P also achieves good scalability. The hardware resource consumption
increases sub-linearly as the size of the P system increases. Therefore increasing
the size of the input P system does not have a significant effect on the circuits
(especially rule-oriented circuits).

Hardware resource usage

16.00% - = Region-crientad,

i
space-orianted E
- |
a gt m Region-oriariad, i o
3 12.00% {  time-orientad ! e
£ 10.00% ]  Rule-oriented,
% space-oriented .
L | Rule-ariznted, :
é g.o0% 1 time-orientad !
1
E 4 00% - .
& 2.00% - .
1
0.00% 4 ! a L1
1 2 3 4 & & 7
P system
Clock rates
a0 -
704
. B0 |
- I
= :
= 501 _s— Region-oriented, !
2 space-oriented : [
n 40 4 . ) !
a8 —J— Region-oriented, :
E 30 1 time-oriented :
@ o | —*— Rule-orientad, i
T space-oriented i
10 { —=— Rulk-ocrientad, ]
fime-oriented 1
0 : : : : i
1 2 3 4 5 ;
P system

Fig. 12. Graphs of the experimental results presented in Table 4.

Since in the rule-oriented design a P system is implemented in such a way
that the application of reaction rules is accomplished by dedicated rule processing
units, hardware circuits generated according to this design are relatively insensi-
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tive to those characteristics of a P system related to regions (e.g., the number of
regions, the hierarchical structure of regions, and the way in which regions commu-
nicate). Therefore, in the experiments rule-oriented circuits exhibited consistently
good performance. Region-oriented circuits, for obvious reasons, are more sensi-
tive to region-related characteristics of the input P system. Nevertheless, for many
P systems, region-oriented circuits and rule-oriented circuits exhibited a similar
level of performance. Therefore, unless having the highest possible performance is
important, if one wishes to execute a P system that involves computational activ-
ities directly associated with membranes or regions, the region-oriented strategy
is perhaps the better choice.

7 Conclusion

In the course of developing the newest version of Reconfig-P, we have contributed

e an implementation of an elegant region-oriented hardware design that closely
matches the intuitive conceptual understanding of a P system, exhibits good
performance and scalability, and facilitates the future implementation of addi-
tional types of P systems,

e a novel design pattern which prescribes a general solution to the problem of
designing an algorithm (source code) generation system in such a way that the
logical and implementation aspects of the algorithm are kept separate, and

e a new version of P Builder designed according to the aforementioned design
pattern which seamlessly integrates the rule-oriented, region-oriented, space-
oriented and time-oriented implementation strategies and facilitates the adop-
tion of additional implementation strategies.

We believe that the work described in this paper has enhanced the versatility
of Reconfig-P and provided a solid foundation for the eventual development of a
hardware platform for membrane computing applications responsive to the needs
of a wide range of users. Indeed, we envision that Reconfig-P could be used in the
not-too-distant future for the execution of significant real-life applications.

One of the most interesting potential application areas is the simulation of
biological processes. In one sense, Reconfig-P is already ready for the simulation
of biological processes. The only requirement is that such processes be modelled
in terms of the basic P system models supported by Reconfig-P. However, the
biological applications of membrane computing published to date typically involve
P systems that incorporate non-standard or special features (such as reaction
rates). For Reconfig-P to be able to execute specialised biological applications
involving P systems with non-standard features, it would need to be augmented
to incorporate these features. The extensibility of the newest version of Reconfig-P
would facilitate such an augmentation.

One aspect of Reconfig-P that has been relatively neglected until now is its user
interface. In particular, currently an ad hoc language for the specification of input
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P systems is used. To enhance the usability of Reconfig-P, a more standardised
language for the specifications of input P systems could be incorporated. One
possibility is the incorporation of the P-Lingua language [5].
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Summary. In an earlier paper, we presented an extension to the families of P systems,
called hyperdag P Systems (hP systems), by proposing a new underlying topological
structure based on the hierarchical dag structure (instead of trees or digraphs). In this
paper, we develop building-block membrane algorithms for discovery of the global topo-
logical structure from the local cell point of view. In doing so, we propose more convenient
operational modes and communication transfer modes, that depend only on each of the
individual cell rules.

Finally, by extending our initial work done in visualization of hP system membranes
with interconnections based on dag structures without transitive arcs, we propose several
ways to represent all communication channels, including transitive ones, in the plane by
3D-folded (and possibly twisted) simple-closed regions.

1 Introduction

In this paper we continue our study [8]. Specifically, we are interested to validate
the adequacy of our hP system model for describing a subset of fundamental
distributed algorithms that present relevance to networking.

For several algorithms, especially Algorithms 1 and 5 below, we follow and
extend to dags the approach used by Ciobanu et al. in [4, 3]. We also use traditional
rewriting rules, without pseudo-code.

In this process, we identify areas where our initial model was not versatile
enough and we propose corresponding adjustments, that can also be retrofitted to
other models of the P family, such as the refinement of the rewrite and transfer
modes. We also advocate the weak policy for priority rules [10], which we believe
is closer to the actual task scheduling in operating systems.

This paper focuses on basic building blocks that are relevant for network discov-
ery (see also [7]): broadcast, convergecast, flooding, and a simple synchronization
solution, that highlights the versatility of the dag structure underlying hP systems.

We have earlier proposed an algorithm to visually represent hP systems, where
the underlying cell structure was restricted to a canonical dag (i.e., without tran-
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sitive arcs) [8]. Nodes were represented as simple closed regions on the plane (with
possible nesting or overlaps) and communication channels by direct containment
relationships of the regions. In this paper, we extend this planar representation
by presenting several plausible solutions that enable us to visualize any hP sys-
tem, modelled as an arbitrary dag, in the plane. Additionally, for these solutions,
we discuss their advantages and limitations. Finally, in Section 6, we describe a
new algorithm for representing general hP systems, where transitive arcs are not
excluded.

2 Preliminaries

We assume that the reader is familiar with the basic terminology and notations [8]:
relations, graphs, nodes (vertices), arcs, directed graphs, directed acyclic graphs
(dags), canonical dags (dags without transitive arcs), trees, node height (number
of arcs on the longest path to a descendant), topological order, set or multiset
based hypergraphs, simple closed curves (Jordan curves), alphabets, strings and
multisets over an alphabet.

We also assume familiarity with transition P systems and their planar repre-
sentation [10] and with hyperdag P systems (hP systems) [8].

Without giving all functional details, we recall here the basic notations and
the definition of hP systems. Given a set of objects O, we define the following sets
of tagged objects: O1 = {o; | 0 € O}, O) = {0, | 0 € O}, O, = {o_ | 0 € O},
Ogo = {040 | 0 € O}, Oput = {0out | 0 € O}. Intuitively, the 1, |, — tags indicate
objects that will be transferred to parents, children, siblings, respectively; the ¢,
tags indicate transfer to all neighbors (parents, children and siblings); the ., tags
indicate transfer to the environment.

Definition 1 (Hyperdag P systems). An hP system of order m is a system
II=(0,01,..., Om,0,1put), where:

1. O is an ordered finite non-empty alphabet of objects;

2.01,...,0m, are cells, of the form o; = (Qs, $i.0, Wi 0, P), 1 <i <m, where:

Q; is a finite set of states;

85,0 € Q; 1s the initial state;

wi o € O* is the initial multiset of objects;

P, is a finite set of multiset rewriting rules of the form sz — s'z'urvjw.,

YgoZout, wWhere s,8" € Q;, x, 2’ € O*, uy € 07, vy € O], wo, € OL,

Ygo € Oy, and zour € O, with the restriction that zout = A for all

te{l,....mN\Lous;

3.8 is a set of dag parent-child arcs on {1,...,m}, i.e., 6 C {1,...,m} x
{1,...,m}, representing duplex communication channels between cells;

4. Iout C {1,...,m} indicates the output cells, the only cells allowed to send
objects to the “environment”.
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The dynamic operations of hP systems, i.e., the configuration changes via ob-
ject rewriting and object transfer, are a natural extension of similar operations
used by transition P systems and nP systems. Our earlier paper, [8], describes the
dynamic behavior of hP systems, in more detail.

We measure the runtime complexity of a P system in terms of P-steps, where
a P-step corresponds to a transition on a parallel P machine. If no more transi-
tions are possible, the hP system halts. For halted hP systems, the computational
result is the multiset of objects emitted out (to the “environment”), over all the
time steps, from the output cells I,,¢. The numerical result is the set of vectors
consisting of the object multiplicities in the multiset result. Within the family of
P systems, two systems are functionally equivalent if they yield the same compu-
tational result.

Ezample 1. Figure 1 shows the structure of an hP system that models a computer
network. Four computers are connected to “Ethernet Bus 1”7, the other four com-
puters are connected to “Ethernet Bus 2”7, while two of the first group and two
of the second group are at the same time connected to a wireless cell. In this fig-
ure we also suggest that “Ethernet Bus 1”7 and “Ethernet Bus 2” are themselves
connected to a higher level communication hub, in a generalized hypergraph.

We have already shown, [8], that our hP systems can simulate any transi-
tion P system [10] and any bidirectional nP system [9], with the same number of
steps and object transfers. To keep the arguments simple, we have only considered
systems without additional features, such as dissolving membranes, priorities or
polarities. However, our definition of hP systems can also be extended, as needed,
with additional features, in a straightforward manner, and we do so in this paper.

Model refinements

e Asinitially defined [8], the rules are applied according to the current cell state s,
in the rewrite mode a(s) € {min, par, maz}, and the objects are sent out in the
transfer mode 3(s) € {one, spread, repl}. In this paper, we propose a refinement
to these modes and allow that the rewrite and transfer modes to depend on the
rule used (instead of the state), as long as there are no conflicting requirements.
We will highlight the cases where this modes extension is essential.

o We also consider rules with priorities, in their weak interpretation [10]. In the
current paper, lower numbers (i.e., first enumerated) indicate higher priority.
In the weak interpretation of the priority, rules are applied in decreasing order
of their priorities — where a lower priority rule can only applied after all
higher priority rules have been applied (as required by the rewriting modes).
In contrast, in the strong interpretation, a lower priority rule cannot be applied
at all, if a higher priority rule was applied. We will highlight the cases where
the weak interpretation is required.
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Fig. 1. A computer network and its corresponding hP representation.

3 Basic algorithms for network discovery—without IDs

In this section and the following, we study several basic distributed algorithms
for network discovery, adapted to hP systems. Essentially, all cells start in the
same state and with the same or similar set of rules, but there are several different
scenarios:

1. Initially, cells know nothing about the structure in which they are linked,
and must even discover their local neighborhood (i.e., their parents, children,
siblings), as well as some global model topology characteristics (such as various
dag measures or shortest paths).

2. As above, but each cell has its own ID (identifier) and is allowed to have custom
rules for this ID.

3. As above, each cell has its own ID and also knows the details of its immediate
neighbors (parents, children and, optionally, siblings).
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Fig. 2. Sample dag for illustrating our algorithms.

Algorithm 1: Broadcast to all descendants.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. All cells start in state sg, with the same rules. The initiating cell has an
additional object a, that is not present in any other cell.

Postcondition: All descendant cells are eventually visited and enter state s;.

Rules:

1. spa — sia), with a = min, 8 = repl.

2. s1a — s1, with a = par.
(]

Proof. This is a deterministic algorithm. Rule 1 is applied exactly once, when the
cell is in state sp and an a is available. This a is consumed, the cell enters state
s1 and another a is sent to all the children, replicated as necessary. Additional a’s
may appear in a cell, because, in a dag structure, a cell may have more than one
parent. Rule 2 is applicable in state s; and silently discards any additional a’s,
without changing the state and without interacting with other cells. All a’s will
eventually disappear from the system—however, cells themselves may never know
that the algorithm has completed and no other a’s will come from its parents. By
induction, all descendants will receive an a and enter state s;. 0O

Remark 1.

e This broadcast algorithm can be initiated anywhere in the dag. However, it is
probably most useful when initiated on a dag source, or on all sources at the
same time (using the same object a or a different object for each source).
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e This algorithm completes after h + 1 P-steps, where h is the height of the
initiating node.

e State s; may be reached before the algorithm completes and cannot be used
as a termination indicator.

e Several other broadcasting algorithms can be built in a similar manner, such
as broadcast to all ancestors or broadcast to all reachable cells (ancestors and
descendants).

e This algorithm family follows the approach used by Ciobanu et al. [4, 3], for tree
based algorithms, called Skin membrane broadcast and Generalized broadcast.

Example 2. We illustrate the algorithm for broadcasting to all descendants, for the
hP system shown in Figure 2.

Step\Cell|oy |02 |03 |04 |05 |06 |07 |08 |09
Soa|So |So [So |So So |So |So [So
S1 |Soa|spa|So |So So [So [So [So
S1 |S1 |S1 [So@|Spaa|Spa|So |So |So
S1 |81 |S1 [S1 |S1a |S1 [So@|Soa|So
S1 |S1 |S1 |S1 |S1 S1 |S1 |S1Q(So
S1 |81 |S1 [S1 |81 S1 |S1 |S1 [So

QY| W N =D

Algorithm 2: Counting all paths from a given ancestor.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. All cells start in state sy and with the same rules. The initiating cell has an
additional object a, not present in any other cell.

Postcondition: All descendant cells are eventually visited, enter state s; and will
have a number of b’s equal to the number of distinct paths from the initiating cell.

Rules:

1. spa — s1ba), with o = par, 8 = repl.

2. s1a — s1bay, with a = par, 8 = repl.
O

Proof. This is a deterministic algorithm. Rule 1 is applied when the cell is in state
sp and an a is available. This a is consumed, the cell enters state s, a b is gener-
ated and another a is sent to all its children, replicated as necessary. Additional
a’s may appear in a cell, because, in a dag structure, a cell may have more than
one parent. Rule 2 is similar to rule 1. State s; is similar to state sy and is not
essential here, it appears here only to mark visited cells. The number of generated
b’s is equal to the number of received a’s, which eventually will be equal to the
number of paths from the initiating cell. All a’s will eventually disappear from the
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system—however, cells themselves may never know that the algorithm has com-
pleted, that no other a’s will come from a parent and all paths have been counted.
A more rigorous proof will proceed by induction. 0O

Remark 2.

e This algorithm completes after h + 1 P-steps, where h is the height of the
initiating node.

e State s; may be reached before the algorithm completes and cannot be used
as a termination indicator.

e Several other path counting algorithms can be built in a similar manner, such
as the number of paths to a given descendant.

Example 3. We illustrate the algorithm for counting all paths from a given ances-
tor, for the hP system shown in Figure 2.

Step\Cell|oy |02 |03 |04 |05 |06 |07 |08 |09
Soa|So |So |So |So So [So |So S0
s1b|sgalspalsy |So  [So [So [So So
s1b|s1b|s1b|sgalspaalsgalsy |so So
s1b|s1b|s1b|s1b|s1bb |s1b|spalspaa |sy
s1b|s1b|s1b|s1b|s1bb |s1b|s1b|s1abb|sy
81b Slb 81b Slb Slbb Slb 81b Slbbb So

QY| W N O

Algorithm 3: Counting the children of a given cell.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. The initiating cell and its children start in state sp and with the same rules.
The initiating cell has an additional object a, not present in any other cell.

Postcondition: The initiating cell ends in state s; and with a number of ¢’s equal
to its child count. The child cells end in state s;. As a side effect, other parents
(if any) of these children will receive superfluous ¢’'s—however, these ¢’s can be
discarded, if needed (rules not shown here).

Rules:

1. spa — s1p|, with a = min, 8 = repl.
2. 50p — sicp, with a = min, 8 = repl.
O

Proof. This is a deterministic algorithm with a straightforward proof, not given
here. O
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Remark 3.

This algorithm completes after 2 P-steps.

Several other algorithms that enumerate the immediate neighborhood can be
built in a similar manner, such as counting parents, counting siblings, counting
neighbors.

Algorithm 4: Broadcast for counting all children.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. All cells start in state sg and with the same rules. The initiating cell has an
additional object a, not present in any other cell.

Postcondition: Each descendant cell enters state s; and, eventually, will contain
a number of ¢’s equal to its child count.

Rules:

0. For state sg:
1) spa — s1py, with o = min, 8 = repl.
2) sop — s1p, ¢y, with a = min, 8 = repl.
1. For state sq:
1) s1p — s1, with o = par.

Proof. This a deterministic algorithm: the proof combines those from the broad-
cast algorithm (Algorithm 1) and the child counting algorithm (Algorithm 3). O

Remark 4.

e This algorithm runs in h + 1 P-steps, where h is the height of the initiating
cell.

e State s; may be reached before the algorithm completes its cleanup phase and
cannot be used as a termination indicator.

e As a side effect, any parent of the visited children that is not a descendant of
the initiating node will receive superfluous ¢’s.

e Several other algorithms that broadcast a request to count the immediate
neighborhood can be built in a similar manner, such as broadcast for count-
ing all parents, broadcast for counting all siblings, broadcast for counting all
neighbors.

Example 4. We illustrate the algorithm for counting all children via broadcasting,
for the hP system shown in Figure 2.
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Step\Cell|oy |02 |03 |04 |05 |06 |07 |08 |09
S0 [So  |So |So |[So |S0 |S0 |S0 |SO
51 [SoP [SoP [So |So  [S0 |So [S0 |So
S1CC|S1 |81 |SoP|SoPP|SoP|So [So |[So
S§1CC|S1CCIS1CC|S1 |S1P |S1 |SoP|SoP|SoC
s1cc|s1cclsice|s1 |S1¢ |81¢(81¢|81Pp|Soc
S§1CC|S1CC|S1€CC|S1 |S1C [S1C[S1C|S1 [SoC

Uk WIN O

Algorithm 5: Counting heights by flooding.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. All cells start in state sp, with the same rules and have no initial object.

Postcondition: All cells end in state s3. The number of ¢’s in each cell equals
the distance from a furthest descendant.

Rules:

0. For state sq:
1) so — siacy, o = min, B = repl.
1. For state s1, the rules will run under the following priorities, under the weak
interpretation:
1) syac — syater, a = maz, § = repl.
2) sic— s1, @ = max.

3) s1a — S2, a = min.
O

Proof. Each cell emits a single object ¢ to each of its parents in the first step.
During successive active steps, a cell either: (a) uses rule 1.3 to enter the termi-
nating state sy or (b) continues via rule 1.1 to forward one ¢ up to each of its
parents. In the latter case, since we have o = mazr, and as enabled by the weak
interpretation of priorities, rule 1.2 is further used to remove all remaining ¢’s (if
any), in the same step. The cell safely enters the end state s, when no more ¢’s
appear. Induction shows that the set of times that ¢’s appear is consecutive: if a
cell at k > 1 links away emitted a c, then there must be another cell at £ — 1
links away emitting another c. Finally, the number of times rule 1.1 is applied is
the number of times a cell receives at least one new c¢ from below. These steps are
tallied by occurrences of the object t. O

Remark 5.

e The time complexity of this quick algorithm is i + 2 P-steps, where & is the
height of the dag. The two extra P-steps correspond to the initial step and the
step to detect no more c’s.
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e This algorithm, like other distributed flooding based algorithms, requires that
all cells start at the same time. Achieving this synchronization could be a
non-trivial task—see Section 5.

e This algorithm follows the approach by Ciobanu et al. [4, 3], for the tree based
algorithm called Convergecast. Here we prefer to use the term flooding, and
use the term convergecast for a result accumulation triggered by an initial
broadcast.

e This algorithm makes critical use of the weak interpretation for priorities.

Example 5. We illustrate the algorithm for counting heights by flooding, for the
hP system shown in Figure 2.

Step\Cell|oy oo o3 o4 o5 |og |o7 |og |og

0 So S0 So S0 [So So S0 So |So

1 Si1acc |Siacc|sijacc |sjajsijacisiac |sjacjsyjal|siac
2 sjacct |s1act|siacct|so |siat|sjact|siat|se [siact
3 spacctt|siatt |siactt|so [Sot |spatt|sat |so |Si1actt
4 siact® |sott |s1atd |se [sot [sott |sot |so |siat®
5 siat? [sott [sot3 [so [saot |sott [sot [sg |sotd

6 82t4 Sztt 52t3 S92 Sglf Sgtt SQt S9 82t3

Algorithm 6: Counting nodes in a single-source dag.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. All cells start in state sg, with the same rules. The initiating cell is the source
of a single-sourced dag and has an additional object a, not present in any other
cell.

Postcondition: Eventually, the initiating cell will contain a number of ¢’s equal
to the number of all its descendants, including itself, which is also the required
node count.

Rules:

0. For state sq:

1) soa — s3p,c, with o = min, 8 = repl.

2) sop — s1py, with a = min, § = repl.
1. For state si:

1) s1 — s2cq, with o = min, 8 = one.
2. For state so:

1) sgc — socp, with a = maz, 8 = one.

2) s9p — $9, with a = maz.
O

Proof. We prove that the source will eventually contain the & copies of object c,
where k is the order of the single-source dag. The source cell will produce a copy
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of ¢ following rule 0.1. A non-source cell o; will send one ¢ to a parent o;, where
j € 671(i), because a node is at state s; during at most one P-step, by rule 1.1.
A cell o; will forward up, using rule 2.1, additional ¢’s to one of its parents, which
will eventually arrive at the source. 0O

Remark 6.

e This algorithm takes up to 2h P-steps, where h is the height of the initiating
cell.

e The end state s3 is not halting, may be reached before the algorithm completes
and cannot be used as a termination indicator.

Ezxample 6. We illustrate the algorithm for counting nodes in a single-sourced dag
via convergecast, for the hP system shown in Figure 2, after removing node 9.

Step\Cellloy |02 |03 |04 |05 |06 |07 |0

0 soa |So |So S0 |So  [so |So |So
1 S3C |SoP|SoP [So [So  |So |So |So
2 83C |81 [S1 |SoP|SopP|SoP|So |So
3 8303 S2 |S2 |S1 |S1P |S1 |SoP|Sop
4 8303 82C|S2CC|Sy |S2p |S2 |S1 |S1P
5 s3c%|sy s [s2 [sa  |sac|sac Sop
6 53¢8%]s9 |sac [sg |sa  [sac|ss [so
7 $3C7|sa |sac |sa [so |sa [sa |so
8 53¢%]s9 |sa [s2 |sa  [s2 [s2 [s2

4 Basic algorithms for network discovery—with IDs

In this section we assume each cell has an unique ID and the cells only know their
own ID. Objects may be tagged with IDs to aid in communication.

Algorithm 7: Counting descendants by convergecast—with cell IDs.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. For each cell with index 7, 1 < ¢ < m, the alphabet includes special ID objects
¢; and ¢;. All cells start in state sp and have the same rules, except several similar,
but custom specific, rules to process the IDs. The initiating cell has an additional
object a, not present in any other cell.

Postcondition: All visited cells enter state s; and, eventually, each cell will con-
tain exactly one ¢; for each descendant cell with index 4, including itself: the
number of these objects is the required count.



Discovering the Membrane Topology of Hyperdag P Systems 437

Rules:

0. For state so and cell ¢ (these are custom rules, specific for each cell):
1) spa — s1pG;, with o = min, 8 = repl.
2) sop — $1P|Ci1Ci, with a = min, 8 = repl.

1. For state si, the rules will run under the following priorities:
1) s1¢j¢; — 8165, for 1 < j < m, with o = max.

2) s1¢;¢; — s165, for 1 < j < 'm, with a = maxz.
3) sic; — s1¢j1¢j, for 1 < j < m, with a = maxz, § = repl.
4) s1p — s1, with @ = maz.

O

Proof. Assume that J is the underlying dag relation. For each cell o;, consider the
sets C; = {¢c; | j € 6*(i)}, Ci = {¢ | j € 6*(i)}, which consist of ID objects
matching o;’s children. By induction on the dag height, we prove that each vis-
ited cell o; will eventually contain the set C;, and, if it is not the initiating cell,
will also send up all elements of the set C;, possibly with some duplicates (up to
all its parents). The base case, height h = 0, is satisfied by rule 0.1, if o; is the
initiator, or by rule 0.2, otherwise. For cell o; at height A + 1, by induction, each
child cell o sends up C}, possibly with some duplicates. By rules 0.1 and 0.2,
cell o; further acquires one ¢; and, if not the initiator, sends up one ¢;. From its
children, cell o; acquires the multiset C7, consisting of all the elements of the set
Use 5) Cr = C; \ ¢;, possibly with some duplications. Rule 1.3 sends up one copy
of each element of multiset C/ and records a barred copy of it. Rule 1.2 halves
the number of duplicates in multiset C;. Rule 1.1 filters out duplicates in multiset
C!, if a barred copy already exists. Rule 1.4 clears all p’s, which are not needed
anymore. 0O

Remark 7.

e Other counting algorithms can be built in a similar manner, such as counting
ancestors, counting siblings, counting sources or counting sinks.

e The end state s; is not halting, it may be reached before the algorithm com-
pletes and cannot be used as a termination indicator.

e As a side effect, any parent of the visited children that is not a descendant of
the initiating node may receive superfluous ¢;’s.

e This algorithm works under both strong and weak interpretation of priorities.

Example 7. We illustrate the algorithm for counting descendants via convergecast
using cell IDs, for the hP system shown in Figure 2.
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Step\Cell|o; 02 03 04 |05 |06 g7 |08 |09

0 Soa S0 S0 So S0 |so So |So |so

1 s1¢1 Sop Sop S EAED S0 |So |So

2 S1C2C3 S1 S1 Sop|Sopp|Sop S0 S0 |So
Cc1 Co C3

3 S1 S1C4C5 S1C5C¢q S1 |S1pP [S1 SopP |SoP|SoCe
C1C2C3 Co C3 Cq |C5 Cg

4 S§1C4C5C5Cg S1 S1 S1 |S1C8 |S1C7 §1C8|S1P|S0Ce
C1C2C3 C2€4C5  |C3C5C6 €4 |C5 |Ce Cr |C8

5 81 s1C8 s1¢7C8 s1 |s1 |sics [s1 |S1 |Socecy
C1C2C3C€4C5C5C6 C2C4C5  |C3C5C6 C4 |C5C8 |Ce6C7 |C7C8|C8

6 S1C7C8C8 S1 s1C8 Ss1 |s1 |s1 S1 |81 [SoCeC7Cs
C1C2C3C4C5C6 C2C4C5C8|C3C5C6CTC8|Ca |C5C8 |C6CTCR|CTC8|C8

7 S1 S1 S1 S1 |81 S1 S1 S1 |SoCeC7C8
C1C2C3C4C5C6CT7C8C8|C2C4C5C8|C3C5C6CTCR|C4 |C5C8 |C6CTC8|C7C|C8

8 S1 S1 S1 S1 |S1 S1 S1 S1 |SoCeC7Cs
C1C2C€3C4C5C6C7C8  |C2C4C5C8|C3C5C6C7C8|Ca |C5C8 |C6C7C8|CTCR|CR

Algorithm 8: Shortest paths from a given cell.

Precondition: Cells do not need any inbuilt knowledge about the network topol-
ogy. For each cells with indices i, 7, 1 < 4,7 < m, the alphabet includes special 1D
objects: p;, pi, Ci, ;5. All cells start in state so and have the same rules, except
several similar but custom specific rules to process the IDs. The initiating cell has

an additional object a, not present in any other cell.

Postcondition: This algorithm builds a shortest paths spanning tree, that is a
breadth-first tree rooted at the initiating cell and preserving this dag’s relation 6.
Each visited cell o;, except the initiating cell, will contain one pj, indicating its
parent oy, in the spanning tree. Each visited cell o; will also contain one ¢; for
each o; that is a child of ¢; in the spanning tree, i.e., it will contain all elements

of the set {¢; | (i,j) € 6,0, contains p;}.

Rules:

0. For state so and cell 4 (custom rules, specific for cell 4):
1) soa — s1piy, with a = min, 8 = repl.
2) sop; — $1P;Pi1 T4, for 1 < j < m, with o = min, 8 = repl.
3) soxk; — So, for 1 <k,j <m,k # i, with a = maxz.

1. For state s; and cell ¢ (custom rules, specific for cell 7):
1) sizij — s1¢5, for 1 < j < m, with a = max.

2) s1p; — s1, for 1 < j < m, with oo = max.

3) sixp; — s1, for 1 < k,j <m,k # i, with a = maz.

Proof. 1t is clear that every visited cell o;, except the initiating cell, contains one
pi where k € §71(i) from rule 0.2. By a node’s height, we prove that a cell o; will
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contain the set C; = {¢; | (4,7) € &, 0, contains p;}. For height 0, C; = 0 is true
since a sink o; does not have any children to receive an x;;—see rule 0.2. For a
cell o; of height greater than 0, first observe that rule 1.1 is only applied if rule
0.2 has been applied for a child cell j. Thus, C; contains all ¢; such that (4, j) is
in the spanning tree. Those xy;’s are removed by rule 0.3, and x;;’s that are not
converted to ¢; are removed by rule 1.3. O

Remark 8.

For this algorithm, cells need additional symbols, see the precondition.

This algorithm takes h + 1 P-steps, where h is the height of the initiating cell.
The end state s; is not halting, it may be reached before the algorithm com-
pletes and cannot be used as a termination indicator.

e As a side effect, any parent of the visited children that is not a descendant of
the initiating node will receive superfluous z;;’s, but they are removed by rule
0.3.

e The rules for state sy make effective use of our rewrite mode refinement: rules
0.1 and 0.2 use o = min, while rule 0.3 uses o = maz.

e Provided that arcs are associated with weights, this algorithm can be extended
into a distributed version of the Bellman-Ford algorithm [7].

Ezxample 8. We illustrate the algorithm for counting nodes in a single-source dag
via convergecast, for the hP system shown in Figure 2. The thick arrows in Figure 3
show the resulting spanning tree.

Fig. 3. A spanning tree created by the shortest paths algorithm (Algorithm 8).
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Step\Cell|o1 o2 o3 o4 |05 o6 o7 os 09
0 soa S0 S0 S0 |So S0 S0 S0 )
1 s1 Sop1 Sop1 S0 |So S0 S0 So S0
2 51712713 |51P1 $1P1 Sop2|Sop2p3 |SoP3 S0 S0 S0
3 $1C2€C3  [S1P1X24T25|S1P1T25T36 |S1P2|S1P3P2 [S1P3 SoP6 Sops  |S0x36
4 $1C2C3  [S1P1€4aCs  |S1P1Cs $1P2|S1P2L58|S1P3T67|S1D6X58 |S1P7D5 | S0
5 S$1€2C3  [s1D1€aCs  |S1D1Cs S1P2|S1P2Cs |S1P3C7 |S1P6 S$1P5  |So

5 The Firing-Squad-Synchronization-Problem (FSSP)

More sophisticated network algorithms can be built on the fundamental building
blocks discussed in the previous sections.

For a given hP system, with cells o4,...,0,,, we now consider the problem
of synchronizing a set of cells F' C {o1,...,0,}, where all cells in the set F'
synchronize by entering a designated firing state simultaneously and (of course)
for the first time.

There are several ways to solve the problem. In the simplest scenario, we are
allowed to extend the structure. The tree structures allow only limited extensions,
that are not useful in solving this problem. However, dag structures (or more
general models) allow extensions that greatly simplify the solution to this problem
and other similar problems, to the point that they become “trivial”. We take this
as an additional argument supporting the introduction of dag structures in the
context of P systems.

Here, we consider only the first scenario, in which we may extend the structure.
We select an arbitrary subset of squad cells, F C {o1,...,0,}, that we wish to
synchronize (possibly the whole set), and an arbitrary commander cell o, € F.
As a simple solution to this problem, we add an external cell, called sergeant, to
the existing hP system and additional communication channels from the sergeant
to all cells in the set F'. The commander initiates the synchronization process by
sending a notification to the sergeant. When the sergeant receives this notification,
the sergeant sends commands to all cells in the set F', which prompts the cells to
synchronize by entering the firing state. The algorithm below does not consider
the sergeant as part of the firing squad. However, with a simple extension (not
shown here), we can also cover the case when the sergeant is to be part of the
firing squad.

Algorithm 9: A dag synchronization algorithm.

Precondition: We are given an hP system with m cells o1,...,0,,, a squad
subset F' C {01,...,0m}, and a commander cell 0. € F. We extend the underlying
dag structure by adding a new sergeant cell 0,41 and additional communication
channels from o,,1, as parent, to o;, as child, for each i € FF C X.

All cells start in the state sg and have the same rules. The state s; is the firing
state. Initially, the sergeant o,,,1 has an object ¢, the commander o, has an object
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a, and all other cells have no object.

Postcondition: All cells in the set F' enter the state s;, simultaneously and for
the first time, after 3 P-steps.

Rules:

0. For state sg, the rules will run under the following priorities:
1) spa — soby, with oo = min, 8 = repl.

2) sobc — sof|, with o = min, 3 = repl.
3) sob — sg, with o = min.
4) sof — s1 with @ = min.

O

Proof. At step 1, the commander sends a b notifier to all its parents, including
the newly created sergeant, via rule 0.1. At step 2, the sergeant sends the firing
command f to all squad cells, using rule 0.2. All other commander’s parents clear
their b notifiers at step 2, using rule 0.3. At step 3, all squad cells enter the firing
state s1, using rule 0.4. This algorithm will work under both weak and strong
interpretations of priorities. O

Example 9. We illustrate the algorithm for synchronizing the hP system shown in
Figure 4. This hP system consists of 7 cells {o1,...,07}, F = {01,...,05} and
o5 is the commander. The actual system structure is irrelevant in this case and
was replaced by a blob that circumscribes the cells o1,...,07. In the diagram,
this structure has already been extended by the sergeant cell og and the required
communication channels.

Fig. 4. An hP system for the synchronization algorithm (Algorithm 9), extended by the
sergeant cell og and the required communication channels.
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Step\Cell|o1 |02 |05 |04 |05 |o6|o7|0S
0 so |So [So |so |soal|so|Sso|soc

1 so |so |so [so |so |Solso|sobc
2 sof|sof|sof|sof|s0f|s0|s0]|s0
3 S1 |s1 |s1 [S1 [S1 |So|Sso|So

Bernardini et al. present a deterministic solution for transition P systems with
polarizations and priorities [2], which works in time 4N + 2H, where N and H
are the number of tree nodes and tree height, respectively. Alhazov et al. present
another deterministic solution for P systems with promoters and inhibitors [1],
which works in time 3H, where H is the tree height.

In a follow-up paper, [5], we provide a more constrained solution, that does not
need structural extension, and covers both hP and nP systems. Our deterministic
solution uses rules applied under the weak priority scheme and works in time 6 R,
where R is the radius of the commander in the underlying dag/digraph.

6 Planar representation

We define a simple region as the interior of a simple closed curve (Jordan curve).
By default, all our regions will be delimited by simple closed curves that are also
smooth, with the possible exception of a finite number of points. This additional
assumption is not strictly needed, but simplifies our arguments.

A simple region R; is directly contained in a simple region R;, if R; C R; and
there is no simple region Ry, such that R; C Ry C R; (where C denotes strict
inclusion).

It is well known that any transition P system has a planar Venn-like repre-
sentation, with a 1:1 mapping between its tree nodes and a set of hierarchically
nested simple regions. Conversely, any single rooted set of hierarchically nested
simple regions can be interpreted as a tree, which can further form the structural
basis of a number of transition P systems.

We have already shown that this planar representation can be generalized for
hP systems based on canonical dags (i.e., without transitive arcs) and arbitrary
sets of simple regions (not necessarily nested), while still maintaining a 1:1 mapping
between dag nodes and simple regions [8].

Specifically, any hP system structurally based on a canonical dag can be inten-
sionally represented by a set of simple regions, where direct containment denotes
a parent-child relation. The converse is also true, any set of simple regions can be
interpreted as a canonical dag, which can further form the structural basis of a
number of hP systems.

We will now provide several solutions to our open question [8]: How to represent
the other dags, that do contain transitive arcs? First, we discuss a negative result.
First, a counter-example that appeals to the intuition, and then a theorem with a
brief proof.
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Ezample 10. Consider the dag (a) of Figure 5, where nodes 1,2, 3 are to be repre-
sented by simple regions Rj, Rs, R3, respectively. We consider the following three
candidate representations: (e), (f) and (g). However, none of them properly match
the dag (a), they only match dags obtained from (a) by removing one of its arcs:

(e) represents the dag (b), obtained from (a) by removing the arc (1, 3);
(f) represents the dag (c), obtained from (a) by removing the arc (1, 2);
(g) represents the dag (d), obtained from (a) by removing the arc (2, 3).

Theorem 1. Dags with transitive arcs cannot be planarly represented by simple
regions, with a 1:1 mapping between nodes and regions.

Proof. Consider again the counter-example in Example 10. The existence of arcs
(2,3), (1,2) requires that R3 C Ry C R;. This means that R3 cannot be directly
contained in Ry, as required by the arc (1,3). 0O

R

(a) (v) (¢) (d)

Ry
Ro 2!
O
(e) (f) (9)

Fig. 5. A counter-example for planar representation of non-canonical dags.

It is clear, in view of this negative result, that we must somehow relax the
requirements, if we want to obtain meaningful representations for general hP sys-
tems, based on dag structure that may contain transitive arcs. We consider in turn
five tentative solutions.
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6.1 Solution I: Self-intersecting curves

We drop the requirement of mapping nodes to simple regions delimited by simple
closed curves. We now allow self-intersecting closed curves with inward folds. A
node can be represented as the union of subregions: first, a base simple region,
and, next, zero, one or more other simple regions, which are delimited by inward
folds of base region’s contour (therefore included in the base region). For this
solution, we say that there is an arc (i,7) in the dag if and only if a subregion
of R; directly contains region R;, where regions R;, R; represent nodes i, j in the
dag, respectively.

RY Rs Ry Ry

O

Fig. 6. Solution I: R; is delimited by a self-intersecting closed curve.

Example 11. The region R; in Figure 6 is delimited by a self-intersecting closed
curve with an inward fold that defines the inner R/ subregion. Note the following
relations:

R; = Ry URY, thus RY is a subregion of Ry;

R; directly contains Ry, which indicates the arc (1,2);

R, directly contains Rs, which indicates the arc (2, 3);

RY directly contains Rs, which indicates the transitive arc (1,3), because RY
is a subregion of Rj.

Remark 9. 1t is difficult to visualize a cell that is modelled by a self-intersecting
curve. Therefore, this approach does not seem adequate.

6.2 Solution II: Distinct regions

We drop the requirement of a 1:1 mapping between dag nodes and regions. Specif-
ically, we accept that a node may be represented by the union of one or more
distinct simple regions, here called subregions. Again, as in Solution I, an arc (i, j)
is in the dag if and only if a subregion of R; directly contains region R;.

Example 12. In Figure 7, the simple region R; is the union of two simple regions,
R} and R/, connected by a dotted line. Note the following relations:
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G% ;

Fig. 7. Solution II: R; is the union of two simple regions, R} and RY.

R; = R} URY, thus R} and R{ are subregions of Ry;

R} directly contains Ry, which indicates the arc (1, 2), because R} is a subregion
of Ry;

Ry directly contains Rg, which indicates the arc (2, 3);

R} directly contains Rz, which indicates the transitive arc (1,3), because RY
is a subregion of R;.

Remark 10. In Example 12, a dotted line connects two regions belonging to the
same node. It is difficult to see the significance of such dotted lines in the world of
cells. Widening these dotted lines could create self-intersecting curves—a solution
which we have already rejected. Two distinct simple regions should represent two
distinct cells, not just one. Therefore, this approach does not seem adequate either.

6.3 Solution III: Flaps

We again require simple regions, but we imagine that our representation is an
infinitesimally thin “sandwich” of several superimposed layers, up to one distinct
layer for each node (see Figure 8b). Initially, each region is a simple region that is
conceptually partitioned into a base subregion (at some bottom layer) and zero, one
or more other flap subregions, that appear as flaps attached to the base. These flaps
are then folded, in the three-dimensional space, to other “sandwich” layers (see
Figure 8c). The idea is that orthogonal projections of the regions corresponding
to destinations of transitive arcs, which cannot be contained directly in the base
region, will be directly contained in such subregions (or vice-versa). Because the
thin tethered strip that was used for flapping is not relevant, it is represented by
dots (see Figure 8d). As in the previous solutions, an arc (7, j) is in the dag if and
only if a subregion Si of R; directly contains region R;.

Superficially, this representation looks similar to Figure 7. However, its inter-
pretation is totally different, it is now a flattened three-dimensional object. We
can visualize this by imagining a living organism that has been totally flattened
by a roller-compactor (apologies for the “gory” image).

We next give a constructive algorithm that takes as input a dag (X,d) and
produces a set of overlapping regions {Ry, | k € X}, such that (i, 5) € § if and only
if a subregion of R; directly contains R;.
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@i@%

(b)

@RI

Fig. 8. The process described in Solution III.

f

Algorithm 10: DagToRegions. ‘

Input: dag (X,0).
Output: flattened regions {Ry | k € X}.

Step 1: Reorder the nodes of the dag (X, ) to be in reverse topological order.
(That is, sink nodes come before source nodes.)

Step 2: For each node i in § ordered as in step 1 do:
If i is a sink:
Create a new region R; disjoint from all previous regions.
Otherwise:
Create a base region of R; by creating a simple closed region prop-

erly containing the union of all regions R; such that (4,j) € 4.
Further, for any transitive arc (i,7) create a flap subregion that
directly contains R; and attach it with a strip to the edge of the

0 base region.

Remark 11. In the set constructed by this algorithm, if two or more transitive arcs
are incident to a node j then the respective flaps (without tethers) may share the
same projected subregion directly containing region R;.

Ezxample 13. Figure 9 shows an input dag with 6 nodes, 3 transitive arcs and its
corresponding planar region representation. Note the reverse topological order is
6,5,4,3,2,1 and the regions Ry and Ry use the same flap subregions containing
the region Rg.
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Rl R5 R3 RG R4 RZ

/

/ e‘}e ) @ @ .........

Fig. 9. llustration of Algorithm 10.

Theorem 2. Every dag with transitive arcs can be represented by a set of regions
with folded flaps, with a 1:1 mapping between nodes and regions.

Proof. We show by induction on the order of the dags that we can always produce
a corresponding planar representation. First, note that any dag can be recursively
constructed by adding a new node ¢ and arcs incident from 4 to existing nodes.
Note that Algorithm 10 builds planar representations from sink nodes (induction
base case) to source nodes (inductive case). Hence, any dag has at least one folded
planar representation, depending on the topological order used. We omit the de-
tails of how to ensure non-arcs; this can be easily achieved by adding “spikes” to
the regions—see our first paper for representing non-transitive dags [8]. O

Theorem 3. Every set of regions with folded flaps can be represented by a dag
with transitive arcs, with a 1:1 mapping between nodes and regions.

Proof. We show how to produce a unique dag from a folded planar representation.
The first step is to label each region Ry, which will correspond to node k € X
of a dag (X,d). We add an arc (i,7) to 0 if an only if a subregion of R; directly
contains the region R;. O

Remark 12. One could imagine an additional constraint, that nodes, like cells,
need to differentiate between its outside and inside or, in a planar representation,
between up and down. We can relate this to membrane polarity, but we refrain
from using this idea here, because it can conflict with the already accepted role of
polarities in P systems. It is clear that, looking at our example, this solution does
not take into account this sense of direction.

For example, considering the scenario of Figure (9), regions Rs3, Ry and R} (the
base subregion of R;) can be stacked “properly”, i.e., with the bottom side of R3
on the top side of Ry and the bottom side of Ry on the top side of R}. However,
the top side of R{ (the flap of Ry) will improperly sit on the top side of Rs, or,
vice-versa, the bottom side of R} will improperly sit on the bottom side of Rj.

Can we improve this? The answer follows.
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6.4 Solution IV: Flaps with half-twists

This is a variation of Solution III, that additionally takes proper care of the out-
side/inside (or up/down) directions. We achieve this by introducing half-twists (as
used to build Moebius strips), of which at most one half-twist is needed for each

simple region.
Ry
R3
Ry

Half twist

(d)

Fig. 10. The process described in Solution IV.

Example 1. Figure 10 describes this process.

(a) a given dag with three nodes, 1,2 and 3;

(b) three simple regions, R, Re and Rs, still in the same plane;

(¢) Ry flapped and half-twisted in three-dimensional space;

(d) final “roller-compacted” representation, where dots represent the thin strip
that was flapped, and the mark X a possible location of the half-twist.

Corollary 1. Dags with transitive arcs can be represented by regions with half-
twisted flaps, with a 1:1 mapping between nodes and regions.

Proof. Since half-twisted flaps are folded flaps, the projection of the boundary of
the base and flaps used for a region is the same region as given in the proof of
Theorems 2 and 3, provided we always twist a fold above its base. 0O

Remark 13. This solution solves all our concerns here and seems the best, taking
into account the impossibility result (Theorem 1).
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(d)
Fig. 11. The process described in Solution IV.

6.5 Solution V: Moebius strips

To be complete, we mention another possible solution, which removes any distinc-
tion between up and down sides. This representation can be obtained by repre-
senting membranes by (connected) Moebius strips.

Perhaps interestingly, Solutions IV and V seem to suggest links (obviously
superficial, but still links) to modern applications of topology (Moebius strips and
ladders, knot theory) to molecular biology, for example, see [6].

7 Conclusions

In this paper we have presented several concrete examples of hP systems for the
discovery of basic membrane structure. Our primary goal was to show that, with
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Fig. 12. The process described in Solution IV.

the correct model in terms of operational and communication modes, we could
present simple algorithms. Our secondary goal was to obtain reasonably efficient
algorithms.

We first started with cases, where the cells could be anonymous, and showed,
among other things, how an hP system could (a) broadcast to descendants, (b)
count paths between cells, (c) count children and descendants, and (d) determine
cell heights. We then provided examples where we allowed each cell to know its
own ID and use it as a communication marker. This model is highlighted by our
algorithm that computes all the shortest paths from a given source cell —a sim-
plified version of the distributed Bellman-Ford algorithm, with all unity weights.
For each of our nontrivial algorithms, we illustrated the hP system computations
on a fixed dag, providing step-by-step traces.

We then moved onto a simple solution that can be used to synchronize a subset
(possibly all) of the states of the membrane’s cells. We presented a fast trivial
solution that requires structural extensions, which are straightforward with dags,
but not applicable to trees. In a related paper [5], we describe a sophisticated
solution that works on dags without extending the structure.

Finally, we focused on visualizing hP systems in the plane. We presented a
natural model, using folded simple closed regions to model the membrane inter-
connections, including the transitive channels, as specified by an arbitrary dag
structure of a hP system.

As with most ongoing projects, there are several open problems regarding prac-
tical computing using P systems and their extended models. We end by mentioning
just a few, closely related to the development of fundamental algorithms for dis-
covery of membrane topology.

e In terms of using membrane computing as a model for realistic networking, is
there a natural way to route a message between cells (not necessarily connected
directly) using messages, tagged by addressing identifiers, in analogy to the
way messages are routed on the internet, with dynamically created routing
information?
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What are the system requirements to model fault tolerant computing? The tree
structure seems to fail here, because a single node failure can disconnect the
graph and make consensus impossible. Is the dag structure versatile enough?
Do we have the correct mix of rewrite and transfer modes for membrane com-
puting? For example, in which situations can we exploit parallelism and in
which scenarios are we forced to sequentially apply rewrite rules?
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Summary. A deterministic computing system is reversible if every configuration of the
system has just one previous configuration or it is an initial configuration. In this paper
it is proved that for every reversible register machine there exists a reversible P system
with symport/antiport rules such that the P system accepts the same set of integers
as the register machine accepts. The result shows that the family of sets accepted by
reversible P systems with symport/antiport rules is the family of recursively enumerable
sets of integers.

1 Introduction

E. Schrodinger has pointed out, in his famous essay [8], that living organisms
incorporate energy of low entropy, maintain systematic activity (including self-
reproduction, which is a kind of information processing), and emit energy of high
entropy. That is, life uses “negative entropy”, to keep its structure, which in-
evitably generates heat.

On the other hand, it has been also shown that a reversible information pro-
cessing system is physically possible [4]. Because such a system is reversible, com-
putation is performed without entropy generation, without information loss, or
equivalently, without heat generation. More specifically, an external force (e.g.,
mechanical, electrical, etc) proceeds a reversible computing system to the “for-
ward” direction. The force does some work on the system and hence consumes
some energy. The energy is stored in the reversible system and is restored from
the system to the source of the external force during the reverse computation.
Thus reversible computation is performed without energy dissipation or heat gen-
eration. This property, in turn, may help us to resolve the contemporary problem
of huge heat emission in a large data processing centre.

There are two researches on reversible P systems [1, 2, 5]. In [5], simulation
of the Fredkin gate is focused. Backward dynamics of a P system with object
rewriting rules are considered in [1] by introducing dual P systems. The notion of
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dual P systems with determinism leads reversibility. In [2], reversible P systems
with symport/antiport rules are considered. It is shown that such systems with
one membrane and with control of priorities or inhibitors are universal. In this
paper, we proceed studies on reversible P systems with symport/antiport rules and
without any control on rules. The family of reversible P systems with 4 membranes
is proved to be computationally universal. The result is shown by constructing
a reversible P system which simulates a reversible register machine. Reversible
register machines which are suitable for reversible P systems are explored in the
next section, although a general study of them are already done by K. Morita [6].

2 Reversible register machine

Because nondeterministic change cannot be reversible, we consider deterministic
systems only. First we introduce reversible register machine.

Let M = (n,B,ly,ls, R) be a deterministic register machine, where n is the
number of registers, B is the set of instruction labels, [y is the start label, I, is
the halt label, and R is the set of instructions. An instruction is one of the forms
l; : (ADD(r),l;) or l; : (SUB(r),l;,1x). The former adds 1 to register r and then
executes the instruction labelled by [;. The latter subtract 1 from register r if
register r has a positive integer then executes the instruction labelled by I;; or, if
register r is 0, executes the instruction labelled by . For every instruction label
but the halt label, there is exactly one instruction. There are no instructions which
are labelled by the halt label.

An n+1-tuple (1, 4;,...,14,) is said to be a configuration of M ifl € Band i; € N
for every 1 < j < n where ¢; is the number which is stored in register 7; and N is the
set of nonnegative integers. An instruction ¢ € R maps a configuration (1,41, . ..,4p)
to a configuration (I',4}, ..., ), denoted by ¢((I,i1,...,4,)) = (', 4}, ...,i), if one
of the following three conditions holds:

L. t=1:(ADD(ry),l"), i} = i; + 1, and i} =i, for k # j.
2. 1t=1:(SUB(ry),l',lg), i; > 0, =4i; — 1, and 7}, = i), for p # j.
3. ¢t =1:(SUB(rj),lx,1'), i; = 0, and 4}, = i), for every p.

For two configurations ¢ and ¢, if there is an instruction ¢ of M such that ¢(c) = ¢/,
then ¢’ is said to be directly derived from ¢ and is denoted by ¢ s /. As usual,
the reflective and transitive closure of F;; is denoted by +3,. We write - and F*
instead of Fj; and 3, if M is understood.

A configuration (,41,...,4,) is called an initial (resp. halting) configuration
if I =1y (resp. I = 13). A sequence of configurations cg,c¢1,...,cp where ¢g is an
initial configuration is said to be a computation of M if for every i =0,1,...,k—1
¢; F ¢;i11. A computation is said to be successful if the last configuration ¢y is a
halting configuration.

Let M = (n,B,lo,ln, R) be a register machine. Let ¢y = (lo,4,0,...,0) be
an initial configuration of M where ¢ € N. If there is a successful computation
Co,C1,...,Ck, then the input 7 is accepted by M. The set
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N(M) = {i|i € Nis accepted by M}
is the set of integers which is accepted by M.

Definition 1 (reversible register machine). A deterministic register machine
M s reversible if every configuration of M which is reachable from an initial
configuration has just one previous configuration or the configuration is an initial
configuration.

In order to have a deep insight into the meaning of the notion of a reversible
register machine, let us consider a computation cg,cq,...,c, of a non-reversible
deterministic register machine M. Let us assume that configuration ¢ in the com-
putation is not reversible, that is there are two configurations ¢’ and ¢’ such that
d £ dFejand ¢’ Foe I ¢ appears earlier than ¢” in the sequence cg, ¢y, . . ., ¢y,
then ¢’ appears after c, that is, ¢ F* ¢’. This means that the computation is cyclic
and hence cannot be successful. In other words, for every successful computation
o, - - -, Cp, Of a non-reversible deterministic register machine, every configuration ¢
has at most one configuration ¢’ such that ¢’  c¢. The “non-reversibility” emerges
in the situation that two different initial configurations ¢q and ¢, derive the same
configuration c¢. By keeping the inputs, which are the non-zero values of registers
in the initial configuration, in all subsequent configurations, the situation may be
avoided, that is, a non-reversible register machine may be converted to a reversible
machine. But the next property must be took into account.

Property 1. Let M be a reversible register machine. Then M does not contain a
SUB instructions of the type I; : (SUB(r),l;, 1) which is executable from two
different initial configurations and register r has non-zero initial value in at least
one initial configuration.

Proof. The instruction I; : (SUB(r),l;,lx) clears register 7, in other words, loses
information of the initial configuration. Reversible computation cannot contain
such an instruction. [

We note that an instruction ¢ = I; : (SUB(r),l;, 1) in a non-reversible register
machine can be removed by introducing a new register v’ with initially 0. That is,
the previous instruction of ¢ is modified to go directly to the instruction labelled
by I, and successive instructions of I which operate on register r are modified to
operate on register r’.

A sequence of instructions ¢1, 2, ..., ¢, such that ¢y = l;; : (SUB(7), 1, l, ),
the next instruction label of ¢, is l;;, and that ¢1,¢9,...,, are executable in this
order may cause the same situation as Property 1, i.e., register » may be cleared.
In order to avoid losing information in register r, a new register ' which contains
initially 0 and a new instruction ¢,, = l,, : (ADD(r’),l;,) are introduced and ¢; is
modified to ¢§ =1;, : (SUB(7), 1y, lk, ). Then information in register r is copied to
register ' and is kept for the reverse computation.

We also note that an ADD instruction which adds an initially 0 register is
treated specially. The reverse of an ADD instruction is a SUB instruction. If a
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reverse SUB instruction encounters 0 in the register, then it is the initial state and
there are no previous configurations, that is, the reverse computation should halt
at this point.

The next theorem follows from the definition of reversible register machines
and Property 1 and its notes. Under slightly different notations, the same theorem
is described in [6] with more detailed and sophisticated proof.

Theorem 1. The family of sets accepted by reversible register machines is NRE,
where NRE is the family of Turing computable sets of nonnegative integers.

Now let us consider reverse instructions of a register machine. First, it should
be noted that an instruction of a register machine is not reversible — a SUB
instruction has two possible successors. By associating informations of register
contents, it may be possible to make reverse transformation of configurations of a
register machine. We modify, however, instructions to fit reverse operations, which
corresponds to the transition functions of a reversible Turing machine [3].

Let G be the set of register names, let O, = {—,0,+}, and let S = {0, 1, x}.
An instruction ¢ is an element in (B x G x S) x O, x (G x S x B) which has one
of the forms:

(li’T7 *) + (T71’lj) (1>
(L;,7,0) 0 (r,0,1x) (2)
(liaTal) - (Tv*alj) (3)

The left triplet shows the instruction label, register of the instruction, and the
content of the register, where 0 means that the register is 0, 1 means that the
register has a positive integer, and * means that there may be both cases 0 and
positive. The middle symbol, 4, 0, or —, is the operation of the instruction, in
which 4+ means that the register is added by one, 0 represents that the register
is unchanged, and — represents that the register is subtracted by one. The right
triplet shows the register and its content after the operation and the label of the
next instruction. An instruction of the form (1) is an add instruction. Instructions
(2) and (3) form a subtract instruction. That is, an instruction of type (3) is
accompanied by an instruction of type (2) which has the same instruction label at
the first position in the left triplet. If register r is 0, then the instruction of type
(2) is executed. Otherwise, type (3) is executed. We note that a single instruction
of type (2) may be used as a goto instruction.
Reverse instructions are summarised by Table 1.

The next example shows a construction of a reverse machine from a reversible
register machine.

Example. Let us consider a function f(z,y) = x -~ y which is defined by

) r—y ifz>y
'r— = .
4 0 ife <y
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Table 1. Reverse instructions
forward reverse notes
(Liyry %) + (r, 1, 05) (15,7, 1) — (7, %, 1;) |If register r is initially 0, then instruction

(l5,7,0) 0 (r,0,1lp) is added where I is the
halt label of the reverse machine.

(li7 T 0) 0 (T7 0, lk)

(lk7 T, 0) 0 (’I“, 07 lz)

(li,T, 1) — (’f’, *al])

(Lisryx) + (1, 1)

Because f(z,y) is not logically reversible, we modify it to a function f’ which maps
a triple of nonnegative integers (z,y,0) to a triple (f(z,y), f(y,z), min(x,y)). The
register machine with 3 registers and instructions

(1,79,1) — (ro,*,2)
(1,72,0) 0 (r2,0,1p)
(2,71,1) — (r1,%,3)
(2,71,0) 0 (r1,0,4)
(3,73,%) + (r3,1,1)
(4,79, %) + (re,1,1p)

computes the function f’. Registers have initial values r;1 = x, ro = y, and r3 = 0.
The reverse instructions are

(2,72,%) + (r2,1,1)
(I, 72,0) 0 (r2,0,1)
(3,71, %) + (r1,1,2)
(4,71,0) 0 (r1,0,2)
(1,73,1) — (r3,%,3)
(1,753,0) 0 (r3,0,l0)
(Inyro, 1) — (12, %,4)

Figure 1 shows the flows of instructions of the forward machine (left) and the
reverse machine (right).

3 Reversible P system with symport/antiport rules

In this section a reversible P system with symport/antiport rules is defined and
the family of such systems is proved to be computationally universal. We first
briefly summarise the notion of a P system with symport/antiport rules and with
accepting mode; for details the reader is referred to [7].

A P system with symport/antiport rules of degree n > 1 is a construct of the
form
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Fig. 1. Flow graphs of a register machine (left) and its reverse machine (right).

I = (O,,U/,U}l,...,wn,E7R1,...,Rn,i1),

where:

—_

. O is the alphabet of objects.
. i is a membrane structure consisting of n membranes. Membranes are injec-
tively labelled with 1,...,n.

3. wi,...,w, are strings of objects which represent the multiset over O initially
associated with the regions 1,...,n of u.

4. FE C O is the set of objects which are supposed to appear in the environment
in arbitrary many copies.

5. Ry,..., R, are finite sets of symport/antiport rules over O associated with the
membranes labelled 1,..., n.

6. iy is the input region.

[\

Rules are applied in the usual nondeterministic maximally parallel manner. An
input of a P system with symport/antiport rules IT is the multiplicity of objects
initially associated with the input region, i.e., the multiplicity of w;,. The system IT
accepts its input if and only if its computation halts. The set of numbers accepted
by IT is the set of all inputs which are accepted by IT and is denoted by Nye.(II).

Definition 2 (reversible P system). A P system with symport/antiport rules IT
is said to be reversible if II is deterministic and every configuration C' of II which
is reachable from an initial configuration satisfies that C is an initial configuration
or there is just one configuration C’' such that C' is changed to C by II.

In [2], a notion of a strongly reversible P system, in which every (including
non-reachable) configuration has at most one previous configuration, is defined
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in addition to the above reversible P system. But dynamics of configurations of
a strongly reversible P system without inhibitors and without priorities in rules
are extremely limited (Theorem 2 of [2]). Therefore, in this paper, we consider
reversible P systems which are defined by Definition 2.

The next theorem is the main result of this paper.

Theorem 2. For a reversible register machine M = (n, B,lo,ln, R), there erists a
P system with symport/antiport rules IT of degree 4 such that II is reversible and
that Ngee(II) = N(M).

Proof. The P system
II'=(0,[1 23 ]3]2 [4 Ja]1, w1, w2, w3, ws, E, Ry, Ra, R3, Ry, 1)
is constructed by:

O=E={LU1"1"1"]1"|l€ B}U{a,|1<r<n}U{to,t1,t2},
wy; = a¥  for an initial configuration (o, k,0, .. .,0) of M,
we = tg, wy = t1, wg = ts
Ry = {(to, out; t1,in), (t1, out; ta,in), (ta, out; to,in)},
R3 = {(to, out; ta,in), (t1, out; to,in), (t2, out; t1,in)},
Ry = {(Iy'ta, out)}

and R; consists of the rules

(Li, out; Lar,in), (I, out; 17, in), (I, out; 7', in), (I, out; l;”,in),

(l;-”,out; l7,in), (I3, out; 1, in)
for an add instruction (l;,r, %) + (r,1,1;) and the rules

(Liar, out; U, in), (15, out; 17 in), (I, out; 17" in), (I}, out; l;”,in),

(l;-”,out; I7,in), (I, out; l;,in)

(lit27 out; l;cl/t% ’L’I’L), ( ;cllv out,; l;lcv7 Zn)v ( zv7 out; lz» ’LTL), ( Z7 out; lk‘» m)

for subtract instructions (I;, 7, +)—(r, *,1;) and ({;,r,0)0(r,0,x). Ry also contains
the rules _ _
(15, out; 187, in), (187, out; 1§, in), (15, out; lo, in).

The rule from Ry is applied at an initial configuration only and brings Ij)’t2 to
region 1. At the same time, objects in regions 2 and 3 are exchanged by the rule
(t1,0ut; to,in) from Rs. The successive computations are illustrated in the next
table.



Reversible P Systems with Symport/Antiport Rules 459

rules used from R; and objects in each region
step Ry region 1 Ro region 2 Rs region 3
L[ out; 13 in) a§ilty (ty,out; ta,in) — to
2 |[(IY, out; 1§,in) afii'ty — to  (to,out; ta,in)  to
3 (lo, out, l(), ’L’I’L) a’flgtl (t(), out; tl, Zﬂ) t(] — t2
4 a’floto t1 tg

From the last low of the above table, IT starts to simulate M.
An add instruction (I;,r,*) + (r,1,1;) is simulated by IT as follows:

rules used from R; and objects in each region

step Ry region 1 Ro region 2 R3 region 3

1 |(li,out; liay,in)  ablito — t1 (to,out; ty,in)  to

2 | (I}, out; l;’,m) al ity (tg,out; to,in)  to — t1

3 (l” ut; l;”, i) ab ity — to  (ti,out; tg,in)

4 (l’” out; 11", in) af“l;-”tg (t1,0ut; ta,in)  t1 — to

5 (l“’ out; 13,in) af“'ll;”tl — ta  (to,out; ta,in)  to

6 (lj,out lj,in) af"’ll;’tl (to,out; ti,in)  tg — to

7 next rule aPt1i;t, — t1 (ta,out; t1,in)  to
where p > 0

Subtract instructions (L, 7, 1) —(r,%,1;) and ({;,7,0)0(r,0,l)) are simulated by
IT as follows:

rules used from R; and objects in each region

step Ry region 1 Ry region 2 R3 region 3
1 (l Ay, Out, lj, ) a?lito — tl (tz, out; tl, ZTZ) t2
2 | (I, out; I in) aP~Mito (t2, out; to,in) 1 — t
3 the following steps are similar to the add case

where p > 1 and

rules used from R; and objects in each region

step Ry region 1 Ry region 2 R3 region 3
1 - lito - tl (tg, out; tl, ’L’IL) t2
2 — lito (tg, O’U,t; to, m) t2 — tl
3 (l tQ, out lmtg, m) ll'tg — to (tl, OUt; to, Z’Il) tl
4 | (W out; 1P in) 1t (t1,out; ta,in) b — to
5 the following steps are similar to the add case
Therefore IT accepts its input if and only if M accepts its input, that is, Ny..(II) =
N(M).

By the construction of rules, IT is deterministic and every configuration but
the initial configuration has just one previous configuration. Thus I7 is reversible.
d

Corollary 1. The family of sets accepted by reversible P systems with sym-
port/antiport rules is NRE.
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Remark. Theorem 2 and Corollary 1 give a negative answer to Conjecture 1 of

2]

. The P system which is constructed in the proof of Theorem 2 uses nested

membranes [1[2[3 |3]2]1 and three timing objects tg, t1, and t9 in order to do a
zero-test by try-and-wait-then-check strategy. It is a future work to reduce the
numbers of membranes and objects in Theorem 2.
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Summary. The approaches to the following question: Do spiking neural P systems cf.
[9], [16] provide biologically plausible mathematical models of brain cognitive functions?
are discussed.

1 Introduction

The (hierarchical) clustering (scene segmentation in particular) and binding (fea-
ture integration) problem solution in cortical neural network together with cortical
subnetworks realizing Radial Basic Functions (briefly RBFs) represent among oth-
ers cognitive functioning of brain. Recently various network models of clustering,
binding problem solution, and realization of RBFs in cortical network have been
proposed, where spiking neural networks are the most biologically plausible mod-
els, see [15], [17], [1], [2], [11], [13], [14], and [10] for a review. The main common
feature of these models is Hebbian learning which provides their biological evi-
dence. On the other hand, a transformation of an idea of Hebbian learning from a
framework of spiking neural networks to a framework of spiking neural P systems
has been proposed in [7]. Thus one formulates the following question:

Do spiking neural P systems provide biologically plausible mathematical
models of brain cognitive functions?

We approach the question and an answer to it in Section 2 by a brief review
of state of art for spiking neural nets and spiking neural P systems, discussion of
conjectures, and setting open problems.
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2 State of art, conjectures and open problems

The papers [4], [8] contain promising applications of spiking neural P systems for
solving topic problems related to some cognitive brain functions. But biological
evidence of these applications seems problematic because Hebbian learning proce-
dures approach is not considered for them.

On the other hand the Hebbian learning modelled by spiking neural P systems
with only input neurons and one output neuron presented in [7] and solution
of XOR problem by spiking neural networks equipped with a Hebbian learning
procedure and with only three input neurons and one output neuron described
in [3] gives rise to the following conjecture:

Conjecture. There exists a learning problem, understood as in [7], whose output
is a spiking neural P system solving XOR problem.

If we compare precise timing of spikes approach for spiking neural networks
to the number of spikes approach for spiking neural P systems, then the latter
seems coarse and hence less biologically plausible than the spiking neural network
approach.

On the other hand the precise timing of spikes approach for spiking neural
networks is less biologically plausible than probabilistic spiking neural networks
because a relevant amount of noise is contained in the behaviour of neurons (cf. [6]).
Therefore it is worth to initiate a research of probabilistic spiking neural P systems.

The view that human mind is “massively modular” (cf. [5], [12]) argued by
massively parallel functioning of brain neural network modules gives rise to a
question of approaching these massive modularity and massive parallelism of mind
and brain by application of a concept of a network of communicating spiking neural
P systems equipped with Hebbian learning procedures, respectively. The spiking
neural P systems constituting that network could correspond to brain network
modules realizing simultaneously various cognitive functions, respectively.

On the other hand, since spiking neural P systems seem more coarse with
respect to an approach to time than spiking neural networks with precise timing
of spikes, like e.g. in [1], we propose the following conjecture.

Conjecture. A biologically plausible modularity of brain could be represented
(modelled) by the following hybrid constructs:

e a two-level construct of a spiking super-neural P system which is a spiking
neural P system whose neurons are superneurons, i.e. multi-layer spiking neural
networks with a precise timing of spikes like e.g. in [1],

e qa three-level construct of a spiking sub-super-neural P system which is a spik-
ing super-neural P system as above, where the neurons of superneurons are
P systems approaching neurons as cells which produce and transport copies of
molecules between electrically charged membranes.
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Summary. In the “standard” way of simulating register machines by spiking neural
P systems (in short, SN P systems), one neuron is associated with each instruction of
register machine that we want to simulate. In this note, a new way is introduced for
simulating register machines by SN P systems, where only one neuron is used for all
instructions of a register machine; in this way, we can use less neurons to construct
universal SN P systems. Specifically, a universal system with extended rules (without
delay) having 12 neurons is constructed.

1 Introduction

The spiking neural P systems (in short, SN P systems) were introduced in [1], and
then investigated in a large number of papers. We refer to the respective chapter
of [6] for general information in this area, and to the membrane computing web
site from [10] for details.

Informally, an SN P system consists of a set of neurons placed in the nodes of
a directed graph, called the synapse graph. The content of each neuron consists
of a number of copies of a single object type, called the spike. The rules assigned
to neurons allow a neuron to send information to other neurons in the form of
electrical impulses (also called spikes). An output can be defined in the form of
the spike train produced by a specified output neuron.

Looking for small universal computing devices of various types is a well in-
vestigated issue in computer science, see, e.g. [2, 7], and the references therein.
Recently, this issue was considered also in the case of SN P systems [4], where a
universal SN P system was obtained using 84 neurons for standard rules and 49
neurons for extended rules in the case of computing functions; used as generators
of sets of numbers, a universal system with standard rules (resp. extended rules)

* Corresponding author. Tel.: +86-27-87556070. Fax: 4+86-27-87543130.
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having 76 neurons (resp. 50 neurons) was found. An improvement is presented in
[9] in the sense that less neurons are used to construct a universal SN P system.
Specifically, in the computing function mode, 68 neurons (resp. 43 neurons) are
used to construct a universal SN P system with standard rules (resp. extended
rules); in the number generating mode, universal SN P systems are obtained with
64 neurons (resp. 43 neurons) using standard rules (resp. extended rules). All of
the above universal SN P systems are obtained by simulating a register machine
from [2], where a neuron is associated with each register of the register machine
that we want to simulate; a neuron is associated with each instruction of the regis-
ter machine; some auxiliary neurons are also used. If in the register machine that
we want to simulate, there are m instructions and n registers, then the number of
neurons in the universal SN P system obtained by this way is not less than m + n.

In this note, we present a new approach to a simulate register machine, where
one neuron (denoted by ostare) is used for all instructions of the register machine.
The function of neuron ogtqte is similar with “the finite set of states” in a Turing
machine. In this way, universal SN P systems with less neurons can be obtained.
Specifically, a universal SN P system is constructed with extended rules (without
delay) having 12 neurons.

The rest of this paper is organized as follows. In the next section, we intro-
duce some necessary prerequisites. In Section 3, a small universal SN P system is
constructed. Conclusions and remarks are presented in Section 4.

2 Prerequisites

We assume the reader to be familiar with (basic elements of) language theory [8],
as well as basic membrane computing [5] (for more updated information about
membrane computing, please refer to [10]), hence we directly introduce some basic
notions and notations including register machines and SN P systems.

For an alphabet V, let V* denotes the set of all finite strings over V', with the
empty string denoted by A. The set of all nonempty strings over V' is denoted by
V. When V = {a} is a singleton, then we write a* and a* instead of {a}*, {a}T.

A regular expression over an alphabet V is defined as follows: (i) A and each
a € V is a regular expression, (ii) if Fy, F5 are regular expressions over V, then
(E1)(E2), (E1)U(Es), and (E1)T are regular expressions over V, and (iii) nothing
else is a regular expression over V. With each expression E we associate a language
L(E), defined in the following way: (i) L(\) = {\} and L(a) = {a}, for all a € V,
(i) L((E1) U(E2)) = L(Ey)UL(Es), L(Ey)(E2)) = L(Ey)L(E2), and L((Ey)*) =
L(E;), for all regular expressions Ej, Ey over V. Non-necessary parentheses are
omitted, and also (E)™ U {\} can be written as E*.

2.1 Register Machines

A register machine is a construct M = (m, H,lg, 1}, I), where m is the number of
registers, H is the set of instruction labels, { is the start label (labeling an ADD
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instruction), I, is the halt label (assigned to instruction HALT), and I is the set of
instructions; each label from H labels only one instruction from I, thus precisely
identifying it. The instructions are of the following forms:

e [; : (ADD(r),l;,1l;) (add 1 to register r and then go to one of the instructions
with labels [;, [ non-deterministically chosen),

o I; : (SUB(r),l;,1x) (if register r is non-empty, then subtract 1 from it and go to
the instruction with label [;, otherwise go to the instruction with label l;),

e [;, : HALT (the halt instruction).

A register machine M generates a set N (M) of numbers in the following way:
we start with all registers being empty (i.e., storing the number zero), we apply
the instruction with label [y and we continue to apply instructions as indicated
by the labels (and made possible by the contents of registers); if we reach the
halt instruction, then the number n present in specified register ry at that time
is said to be generated by M. If the computation does not halt, then no number
is generated. It is known (see, e.g., [3]) that register machines generate all sets
of numbers which are Turing computable, even using register machines with only
three registers as well as registers 1 and 2 being empty whenever the register
machine halts, where we assume that the three registers are labeled with 0, 1, 2.

Convention: when evaluating or comparing the power of two number gener-
ating/accepting devices, number zero is ignored.

2.2 Spiking Neural P Systems

We briefly recall the basic notions concerning spiking neural P systems (in short,
SN P systems). For more details on such kind of systems, please refer to [1].

A spiking neural P system of degree m > 1 is a construct of the form
II =(0,01,...,0m,syn,in,out), where:

1. O = {a} is the singleton alphabet (a is called spike);
2. 01,...,0., are neurons, of the form

o; = (ng, R;),1 < i <m, where:

a) n; > 0 is the initial number of spikes contained in o;;
b) R; is a finite set of rules of the following two forms:
(1) E/a® — aP;d, where E is a regular expression over a, and ¢ > 1, d > 0,
p > 1, with the restriction ¢ > p;
(2) a® — A, for s > 1, with the restriction that for each rule E/a® — a?;d
of type (1) from R;, we have a® ¢ L(E);
3. syn C{1,2,...,m}x{1,2,...,m} with i # j for each (i,5) € syn,1 <4, <m
(synapses between neurons);
4. in,out € {1,2,...,m} indicates the input and the output neurons, respectively.
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If we always have p = 1 for all rules of the form E/a® — aP;d, then the rules
are said to be of the standard type, else they are called by extended rules.

The rules of type (1) are firing (we also say spiking) rules, and they are applied
as follows. If the neuron o; contains k spikes, and a* € L(E),k > ¢, then the rule
E/a® — aP;d € R; can be applied. This means consuming (removing) ¢ spikes
(thus only k — ¢ remain in o;), the neuron is fired, and it produces p spikes after d
time units (as usual in membrane computing, a global clock is assumed, marking
the time for the whole system, hence the functioning of the system is synchronized).
If d = 0, then these spikes are emitted immediately, if d = 1, then these spikes are
emitted in the next step, etc. If the rule is used in step ¢t and d > 1, then in steps t,
t+1,...,t+d—1 the neuron is closed (this corresponds to the refractory period
from neurobiology), so that it cannot receive new spikes (if a neuron has a synapse
to a closed neuron and tries to send several spikes along it, then these particular
spikes are lost). In the step ¢t + d, the neuron spikes and becomes again open, so
that it can receive spikes (which can be used starting with the step ¢t +d+ 1, when
the neuron can again apply rules).

The rules of type (2) are forgetting rules; they are applied as follows: if the
neuron o; contains exactly s spikes, then the rule a® — A from R; can be used,
meaning that all s spikes are removed from o;.

If a rule E/a® — a;d has E = a°, then we will write it in the simplified form
a® — a;d.

If a rule E/a® — a;d has d = 0, then we will write it in the simplified form
E/a® — a.

In each time unit, if a neuron o; can use one of its rules, then a rule from R;
must be used. Since two firing rules, F1/a® — aP';d; and Es/a®® — aP?;dsy, can
have L(E1) N L(E>) # 0, it is possible that two or more rules can be applied in a
neuron, and in that case, only one of them is chosen non-deterministically. Note
however that, by definition, if a firing rule is applicable, then no forgetting rule is
applicable, and vice versa.

Thus, the rules are used in the sequential manner in each neuron, at most one
in each step, but neurons function in parallel with each other. It is important to
notice that the applicability of a rule is established based on the total number of
spikes contained in the neuron.

The initial configuration of the system is described by the numbers
n1,N2, ..., Nm, of spikes present in each neuron, with all neurons being open. Dur-
ing the computation, a configuration of the system is described by both the number
of spikes present in each neuron and by the state of the neuron, more precisely, by
the number of steps to count down until it becomes open (this number is zero if the

neuron is already open). Thus, (r1/t1,...,7m/tm) is the configuration where neu-
ron o; contains r; > 0 spikes and it will be open after ¢; > 0 steps, i = 1,2,...,m;
with this notation, the initial configuration is Cy = (n1/0, ..., n,/0).

Using the rules as described above, one can define transitions among configu-
rations. Any sequence of transitions starting in the initial configuration is called a
computation. A computation halts if it reaches a configuration where all neurons
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are open and no rule can be used. In this note, we use SN P systems as number
generating devices, we start from the initial configuration and we define the result
of a computation as the number of steps between the first two spikes sent out by
the output neuron.

In the next section, as usual, an SN P system is represented graphically, which
may be easier to understand than in a symbolic way. We give an oval with rules
inside to represent a neuron, and directed graph to represent the structure of SN
P system: the neurons are placed in the nodes of a directed graph and the directed
edges represent the synapses; the input neuron has an incoming arrow and the
output neuron has an outgoing arrow, suggesting their communication with the
environment.

3 A Small Universal SN P System

In this section we shall give a small universal SN P system (where extended rules,
producing more than one spikes at a time, are used).

Let M, = (3,H,lo,l;m—2,I) be a universal register machine with 3 registers
labeled by 0, 1, 2, where m > 2, H = {lg,l1,la,...,l;n—2} is the set of instruction
labels, [ is the start label (labeling an ADD instruction) and [,,,_o is the halt label
(assigned to instruction HALT), I is the set of instructions.

We modify the universal register machine M, such that the register where
we place the result is not subject to subtraction operations in the new register
machine. To this aim, we add a further register 3 to output the result, and replace
the halt instruction [,,_s of M, with the following instructions:

lm—2 : (SUB(0), lyn—1,lm); lm—1: (ADD(3),lm—2), I : HALT.

The new register machine M, has 4 registers, m + 1 instructions (m ADD and
SUB instructions, and one halt instruction). In the following proof of Theorem 1,
a small universal SN P system is constructed by simulating the register machine

Theorem 1. There is a universal SN P system with extended rules (without delay)
having 12 neurons.

Proof. We shall present an SN P system II with 12 neurons to simulate register
machine M. The structure of system IT is given in Figure 1, where spiking rules
are omitted, which will be specified below. In system I, neuron o4t contains all
spiking rules associated with all instructions of M, (it is a point different with the
“standard” way of simulating register machines by SN P systems, where one neuron
is associated with each instruction of register machine that we want to simulate);
neurons o; and o,, (i = 0,1,2,3) are associated with registers 0, 1,2, 3; neuron
Oout 18 used to output the result of computation; auxiliary neurons oy, , op, are
used to send a fixed number of spikes to neuron ot at each step of computation.
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We point out that each neuron o; (i = 0,1,2) has a synapse (i, state) going to
neuron ogate €xcept for neuron os (as you will see below, the difference originates
from the fact that register 3 is not subject to substraction instructions); however,
neuron os has a synapse (3, b2) going to neuron oy,, which is used to stop the work
of neurons o, and oy, when the computation of system I7 halts.

ﬁ—,C]aO—,@ 0

aT+4
ste %@%@ 1
—
S S L LS

Fig. 1. The structure of system II with the initial numbers of spikes

In system II, each neuron is assigned with a set of rules, see Table 1, where
P(i) =4(i+1),fori =0,1,2,...,m,and T' = 4(m~+1)+1. Neurons o; (i = 0,1, 2)
have the same set of rules except of neuron oj, the difference originates from
the fact neuron o3 is not subject to subtraction instruction and it is related to
output the result of computation. In neuron ogqte, there are m + 1 groups of
rules Ry, R1, ..., Ry, specifically, for each ADD instruction /; : (ADD(r),;,l)), the
set of rules R; = {a”®(aT)*/aPOFT=PU) 5 2743 PO (gT)F /qPO+T=PKE) _,
a?"*3} is associated; for each SUB instruction I; : (SUB(r),l;,l;), the set
of rules R; = {aP(i)(aT)+/aT+3 N aQr+27 aP(i)fl(aT)+/aP(i)71+T7P(j) _
a, a@=2(gT)+ [qPO=24T=P(k) _, g} is associated; for instruction l,, : HALT,
Ry, = {a”™) (aT)* /aP(™) — a8} is associated. If the number of spikes in neuron
Ostate 18 Of the form P(i) + sT for some s > 1 (that is, if the number of spikes
is n, then n = P(i) (mod T'); the value of multiplicity of T does not matter with
the restriction that it should be greater than 0), then system IT starts to simulate
instruction ;. In particular, in the initial configuration of M, neuron cgiqte has
T + 4 spikes, which is the form T+ 4 = P(0) 4+ T, system IT starts to simulate
the initial instruction Iy of M ; with P(m)+ sT = 4(m + 1) + sT spikes in osate,
system I1 starts to output the result of computation; if the number of spikes in
Ostate 18 Of the form sT', then no rule in o444 is enabled, which happens after the
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halt instruction is reached. That is why we use the label state for this neuron, and

the function of this neuron is somewhat similar with “the finite set of states” in
Turing machine.

Table 1. The rules associated with neurons in system 11

neurons associated rules
Oby,Oby aT = a7

0i,i=0,1,2 |a— a, a(a®)T/a® — d?
o3 a—a,a(a®/a® = d®

0a;,1=0,1,2,3[a" = a, ¥ = d%, a— ),

a®*? S a3 A, 5 €{0,1,2,3} — {i}
Oout a—a,a —\a —a

Ostate Rstate = RoUR1 U--- U Rm7 where:

R, = {aP(z‘)(aT)+/aP(i)+T—P(j) g2t
P(i)(aT)qL/aP(i)qLTfP(k) 2r+3}7

a

for instruction I; : (ADD(r),l;,lx);

R, = {aP(i)(aT)+/aT+3 N a2'r+2’aP(i)fl(aT)+/aP(i)71+T7P(j) —a,
aP(i)—Q (aT)+/aP(i)—2+T—P(k)

for instruction I; : (SUB(r),l;,lx);

Rm — {aP(m)(aT)+/aP(m) N aii}7

for instruction [,, : HALT

—a

— a},

Initially, all neurons have no spike, with exception that each of neurons oy, , o,
contains T spikes, neuron ogqse contains P(0)+7 = 4+ T spikes, and neuron o,
contains 2 spikes. As you will see, during the computation of M), the contents
of registers r, 0 < r < 3 are encoded by the number of spikes from neuron r in
the following way: if the register  holds the number n > 0, then the associated
neuron o, will contain 3n spikes; the increase (resp. decrease) of the number stored
in register r is simulated by adding (resp. removing) three spikes.

With T spikes inside, neurons o, and oy, fire by the rule a¥ — a”, sending
T spikes to each other; in this way, from step 1 until system IT starting to output
the result of computation (that is, until a step when neuron o3 fires), at each step,
neuron op, will send T spikes to osiate.

In what follows, we check the simulation of register machine M by system
I, by decomposing system IT into three modules (i.e., modules ADD, SUB, and
OUTPUT), and checking the work of each module.

Module ADD (Figure 2) — simulating an ADD instruction [; : (ADD(r), l;, ix)
The initial instruction of M, the one with label ly, is an ADD instruction.
Assume that we are in a step when we have to simulate an ADD instruction
l; - (ADD(7),1;, 1)), with the number of spikes being the form P(i) 4+ sT' (for some
s > 1) in neuron o444 (in the initial configuration, neuron o4t contains P(0)+7T
spikes, and the simulation of the initial instruction with label Iy is triggered). The

T
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.a i (aT)+/aP(i)+T—P(j)__)a
(I . . B 3
aM(@l) " TP S a7
a2r+2__) a ar
2r+3 3 r
e o8 - a(a))/atoa?
a’'?-a, £€(0,1,2,3]r]
‘ a—a

a’ -, £€01,23/ - r]
a—-A

Fig. 2. Module ADD simulating I; : (ADD(r),l;, 1)

rules aP(z‘) (aT)+/aP(z‘)+T7P(j) — 273 and aP(i)(aT)+/aP(i)+T7P(k) — a2m 3 are
enabled, non-deterministically choosing one of them to be applied.

If a”® (aT)* /aPO+T=PU)  g27+3 is applied, then neuron o qq. fires, sending
out 2r + 3 spikes to neurons o,, (i = 0,1,2,3). Neuron o, sends 3 spikes to
neuron o, by rule a®*3 — 3. In neurons o,, (t € {0,1,2,3} — {r}), these 2r + 3
spikes are forgotten by rule a® 3 — \. Therefore, neuron o, increases its number
of spikes by 3, and does not fire, which simulates the increase of the number
stored in register r by 1. After consuming P(i) + T — P(j) spikes by the rule
aP@ (@)t JaPOFT=PU) s 23 the number of spikes in neuron oysq¢e is of the
form P(j) + sT (for some s > 1) (recalling that neuron osqse receives T spikes
from neuron oy, at each step), hence system IT starts to simulate an instruction
with label [;.

Similarly, if a”® (a®)* /o @O+T=P(k) _ ¢2r+3 is applied, then neuron o, in-
creases its number of spikes by 3, and the number of spikes in neuron ogiqte is
of the form P(k) + sT (for some s > 1). This implies that the number stored in
register r is increased by 1, and system II starts to simulate an instruction with
label .

The simulation of the ADD instruction is correct: we have increased the number
of spikes in neuron o, by three, and we have passed to the simulation of one of
the instructions [; and [, non-deterministically.

Remark: (1) The auxiliary neurons o,, and oy, are necessary for the function
of system II. They send T spikes to neuron o4 at each step, which ensures that
the number of spikes in neuron o4sq¢e n0t less than 0.

(2) In the simulation of an ADD instruction, when neuron s,z fires, it sends
2r + 3 spikes to all neurons o,, (i = 0,1,2,3). Checking the rules in neurons o,

(i = 0,1,2,3) (listed in Table 1), we can find that in neuron o, only rule a*"*3 — a
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is enabled and applied, sending three spikes to neuron o,; in neuron o,, with ¢t # r,
only rule a?"*2 — X is enabled and applied, these 2r + 3 spikes are forgotten, and
neuron oy, t # r, receives no spike. In general, there is a bijection relation: neuron
o, receives 3 spikes if and only if neuron ogiqte sends out 2r + 3 spikes, where
r =0,1,2,3. So, the neurons og,, (i =0,1,2,3) work like a “sieve” such that only
the register that the ADD instruction acts on can increase its number by 1.

(3) As you will see below, when a SUB instruction that acts on register r is
simulated, neuron gt sends out 2r + 2 spikes. In this case, neurons o,, (i =
0,1,2,3) also work like a “sieve”, but with different bijection relation: neuron
o, receives 1 spike if and only if neuron ogqte sends out 2r + 2 spikes, where
r=20,1,2,3.

Module SUB (Figure 3) — simulating a SUB instruction [; : (SUB(r), 5, Ix).

State - a"a")/a

a2r+2_)a ar
2r+3 3
a” “-a r
3\ + .4 2
a225n, fe[0,1,2,3}—[r} a(a’)’/a’—a
a’"™*5a, 1€/01,23 1] a—a

a—A

Fig. 3. module SUB simulating I; : (SUB(r), 15, lx)

The execution of instruction [; : (SUB(r),l;, li) is simulated in I7 in the following
way. With the number of spikes in neurons ogsqs having the form P(i) + sT (for
some s > 1), rule a”®(aT)*/a"+3 — a> "2 is enabled and applied, sending out
2r + 2 spikes; we suppose it is at step ¢. At step t + 1, neuron o,, spikes by the
rule a?" ™2 — q, sending one spike to neuron o,; these 2r + 2 spikes in neuron o,
t # r, are forgotten by the rule a?"*2 — X (that is, the “sieve” function of neurons
Oa;, © = 0,1,2,3, works again). For the number of spikes in neuron o, at step ¢,
we consider the following two cases: (1) neuron o, contains at least three spikes
(that is, register r is not empty); (2) neuron o, contains no spike (that is, register
r is empty).
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(1) If the number of spikes in neuron o, at step ¢ is 3n with n > 0, then receiving
one spike from neuron o, at step t+1; neuron o, has 3n+1 spikes at step t+2,
and rule a(a®)*/a* — a? is enabled and applied, consuming 4 spikes, sending
2 spike to neuron ogtgte. In this way, the number of spikes in neuron o, is
3(n — 1), simulating the number stored in register r is decreased by one. After
receiving these 2 spikes, the number of spikes in neuron ogs4¢e is of the from
P(i) — 1 4+ sT (for some s > 1), so rule a”@O=1(gT)t /qPO+T-1-P() _, ¢
can be applied. Consuming P(i) — 1 + T — P(j) at step ¢t + 3 by rule
aP?@O=1(gT)+ /gPO+T=1=PU) _ g the number of spikes in neuron oyqse is
of the from P(j) + sT (for some s > 1), which means that the next simulated
instruction will be [;. Note that this one spike emitted by neuron ogqse Will
be immediately forgotten by all neurons oy, ..., 04, at the next step because
of the rule a — A in these neurons.

(2) If the number of spikes in neuron o, at step t is 0, then at step ¢ + 2, neuron
o, contains one spike (received from neuron o, at step ¢+ 1), and the rule
a — a is applied, consuming the single spike present in neuron o, and sending
one spike to neuron ogiae. Neuron ogpqre contains P(i) — 2 + sT (for some
s > 1) spikes at step ¢ + 3, rule D=2 (aT)* JaPOFT=2=P() _, ¢ is enabled
and applied, consuming P(i) —2+T — P(k) spikes. So, the number of spikes in
neuron Ogtqte 18 of the from P(k) + sT (for some s > 1), and system IT starts
to simulate the instruction [j.

3

The simulation of the SUB instruction is correct: starting from the simulation
of instruction I;, we passed to simulate the instruction /; if the register was non-
empty and decreased by one, and to simulate instruction [, if the register is empty.

Remark: In the set of rules R; associated with a SUB instruction [;, the regular
expressions have numbers P(i), P(i)—1, P(i) — 2, P(i) — 3. Because P (i) = 4(i+1)
for each instruction l;, which implies that {P(i1), P(i1) — 1, P(i1) — 2, P(i1) —
3} n {P(lg), P(ZQ) — 1, P(’Lg) - 27 P(ZQ) - 3} = @, for il 7£ ig, the simulation of SUB
instructions do not interfere with each other. On the other hand, in the set of rules
R; associated with an ADD instruction l;, the regular expressions have number
P(7), it is not difficult to see that the simulations of an ADD instruction and a
SUB instruction do not interfere with each other too. That is why we take P(i) as
a multiplicity of number 4.

Module OUTPUT (Figure 4) — outputting the result of computation.

Assume now that the computation in M/, halts, which means that the halt
instruction [, is reached. For system II, this means that neuron og.te contains
P(m)+ sT spikes (for some s > 1). At that moment, neuron o3 contains 3n spikes,
for n being the content of register 3 of M. Having P(m)+sT spikes inside, neuron
Ostate gets fired and emits 8 spikes by the rule ap(m)(aT)+/aP(m) — a®. After that,
the number of spikes in neuron gt is of the form sT' (for some s > 1), no rule
can be applied anymore in neuron og;qe.

At the next step, neurons o,,, 04,, 04, forget these 8 spikes received from
Ostate Dy the rule a® — X; only neuron o,, sends one spike to neuron o3 by the



474 L. Pan, X. Zeng
state
Ro, R, ,

R :aP(m)(aT)+/aP(m)_>a8

m

T T
a3

a’-a 3 I
a’—a’

a’"? oA (f=0,1,2)
a’' oA (f=0,1.2)
a—A

Fig. 4. Module OUTPUT

rule a® — a. In this way, neuron o3 has 3n+1 spikes, hence the rule a(a®)* /a®> — a®
can be applied, sending three spikes to neuron o,,;. With five spikes inside (three
spikes were received from neuron os; two spikes were contained from the initial
configuration), neuron o,,; fires by the rule a® — a, which is the first spike sent
out by system I7 to the environment. Let ¢t be the moment when neuron o,,; fires.

When neuron o3 spikes at step ¢ — 1, neuron oy, also receives 3 spikes from
neuron os, which gets “over flooded” and is blocked. So, neurons o3, and o, stop
their works.

Note that at step t, neuron o3 contains 3(n — 1) + 1 spikes (three spikes were
already consumed at step t — 1). From step t on, at each step, three spikes are
consumed in neuron o3 by the rule a(a®)*/a® — a3, sending 3 spikes to neuron
Oout; these three spikes in neuron o,,; are forgotten by the rule a® — \. So, at
step ¢t + (n — 1), neuron o3 contains one spike, and the rule a — a is enabled and
applied, sending one spike to neuron o,,;. With one spike inside, neuron o, fires
for the second (and last) time by the rule a — a at step t+n. The interval between
these two spikes sent out to the environment by the system is (t +n) — ¢ = n,
which is exactly the number stored in register 3 of M, at the moment when the
computation of M, halts.

From the above description, it is clear that the register machine M/, is correctly
simulated by system II. Therefore, Theorem 1 holds.

4 Conclusions and Remarks

In this note, a new way is introduced for simulating register machines by SN P
systems, where a neuron works like “the finite set of states” in Turing machine.
By this new way, we can use less neurons to construct universal SN P systems.
Specifically, a universal system with extended rules (without delay) having 12
neurons is constructed.
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In the universal SN P system II constructed in Section 3, four neurons are
associated with 4 registers; one neuron is used to output the result of computation;
one neuron is used for all instructions of a register machine; 2 auxiliary neurons are
used to feed spikes at each step; 4 auxiliary neurons are used between the neuron
associated with all instructions and neurons associated with registers, which work
as a “sieve”. Can we remove these 4 auxiliary neurons to get smaller universal SN
P systems? One possible way of removing these auxiliary neurons is to use more
rules in the neuron associated with instructions realizing the function of “sieve”.

In this note, we only considered SN P systems with extended rules without
delay. Can we extend this way to the case of SN P systems with standard rules
(a little more neurons seems necessary), asynchronous SN P systems, or other
variants and modes of SN P systems?

The universal SN P system constructed in this note is already quite small. If we
start from universal register machines to construct universal SN P systems, then
it may be not easy to get significant improvement. Of course, it is still possible
to have smaller universal SN P systems, if we start construction from other small
universal computational devices.
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Summary. P systems with proteins on membranes are inspired closely by switching
protein channels. This model of membrane computing using membrane division has been
previously shown to solve an NP-complete problem in polynomial time. In this paper
we characterize the class of problems solvable by these P systems in polynomial time
and we show that it equals PSPACE. Therefore, these P systems are computationally
equivalent (up to a polynomial time reduction) to the alternating Turing machine or the
PRAM computer. The proof technique we employ reveals also some interesting trade-offs
between certain P system properties, as antiport rules, membrane labeling by polarization
or the presence of proteins.

1 Introduction

We continue the work on P systems with proteins on membranes, a model com-
bining membrane systems and brane calculi as introduced in [7]. We consider a
rather restrictive case, where the “main” information to process is encoded in the
multisets from the regions of a P system, but these objects evolve under the control
of a bounded number of proteins placed on membranes. Also, the rules we use are
very restrictive: move objects across membranes, under the control of membrane
proteins, changing or not the objects and/or the proteins during these operations.
In some sense, we have an extension of symport/antiport rules [5], with the men-
tioning that we always use minimal rules, dealing with only one protein, one object
inside the region and/or one object outside of it.

The motivation came from the observation by several authors recently that the
maximal parallelism way of processing different species of molecules in the mem-
brane structure is not very close to reality, thus we are considering a model that
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is limiting the parallelism through the modeling of the trans-membrane proteins
(protein channels) observed in nature. A second motivation comes from the brane
calculi in which many rules act at the level of the membrane (unlike rules which
act within the region enclosed by the membrane). In brane calculi introduced in
[3], one works only with objects — called proteins — placed on membranes, while the
evolution is based on membrane handling operations, such as exocytosis, phago-
cytosis, etc. In the membrane computing area we have rules associated with each
region defined by a membrane, and in the recent years the rules in membrane
computing have been considered mainly to work on symbol objects rather than
other structures such as strings. The extension considered in [7] and in [8] was to
have both types of rules (both at the level of the region delimited by membranes
and also at the level of membrane controlled by a protein). The reason for con-
sidering both extensions was that in biology, many reactions taking place in the
compartments of living cells are controlled/catalysed by the proteins embedded
in the membranes bilayer. For instance, it is estimated that in the animal cells,
the proteins constitute about 50% of the mass of the membranes, the rest being
lipids and small amounts of carbohydrates. There are several types of such pro-
teins embedded in the membrane of the cell; one simple classification places these
proteins into two classes, that of integral proteins (these molecules can “work” in
both inside the membrane as well as also in the region outside the membrane),
and that of peripheral proteins (macromolecules that can only work in one region
of the cell) — see [1].

In this paper we show that P systems with proteins on membranes can solve
in polynomial time exactly the class of problems PSPACE. Mathematically, this
property can be expressed as

M-PTIME = M-NPTIME = PSPACE, (1)

where M-(N)PTIME is the class of problems solved in polynomial time by a (non-)
deterministic machine M. (In our case, the machine M will be a P system with
proteins on membranes.) This relation is also known as the Parallel Computation
Thesis [12]. Computational devices with this property form the so-called second
machine class. Another members of this class are the alternating Turing machine,
SIMDAG (also known as SIMD PRAM) and other standard parallel computer
models [12].

The rest of the paper is organized as follows: after introducing basic concepts
used throughout the paper in Section 2, we show in Section 3 that the P systems
with proteins on membranes can solve the problem QSAT in linear time. Then
in Section 4 we show that such a P system can be simulated with a conventional
computer (and hence also with Turing machine) in a polynomial space. Section 5
concludes the paper and mentions also some open problems.
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2 Definitions

We will start by giving some preliminary notations and definitions which are stan-
dard in the area of membrane systems. The reader is referred to [4, 9] for an
introduction and overview of membrane systems, and to [13] for the most recent
information. The membranes delimit regions precisely identified by the membranes.
In these regions we place objects — elements of the set O. Several copies of the
same object can be present in a region, so we work with multisets of objects. For
a multiset M we denote by |M|, the multiplicity of objects a in M. A multiset
M with the underlying set O can be represented by a string z € O* (by O* we
denote the free monoid generated by O with respect to the concatenation and the
identity \) such that the number of occurrences of a € O in z represents the value
|M|,.

In the P systems which we consider below, we use two types of objects, proteins
and usual objects; the former are placed on the membranes, the latter are placed in
the regions delimited by membranes. The fact that a protein p is on a membrane
(with label) 4 is written in the form [,p| ].. Both the regions of a membrane
structure and the membranes can contain multisets of objects and of proteins,
respectively.

We consider the types of rules introduced in [7]. In all of these rules, a, b, ¢, d
are objects, p is a protein, and ¢ is a label (“res” stands for “restricted”):

Type Rule Effect
Tres [,plal, = [p18],

a[,p| ], — b[,p| ], modify an object, but not move
2res  [;plal, — a[;pl];

a[,p| ], — [,pla], move an object, but not modify
res  [;pla]; — b[;pl ],

a[,pl ], — [,p[b], modify and move one object
4res a[.p|b], — b[,pla], interchange two objects
ores a Z,p|b ; — cl,pld], interchange and modify two objects

)

)

In all cases above, the protein is not changed, it plays the role of a catalyst, just
assisting the evolution of objects. A generalization is to allow rules of the forms
below (now, “cp” means “change protein”):

Type Rule Effect (besides changing also the protein)
lep  [;pla]; — [#'I0];
a[;p| ], — b[,p'| ]; modify an object, but not move
2cp  [plal; — alp'[ ]
a[;p| ], — [,p'la], move an object, but not modify
3cp [zplaL - b[ip/| ]z
a[,p| ], — [,p/|b], modify and move one object
4cp  al,plb], — b[,p'[a], interchange two objects
5cp al,plb], — c[,p|d], interchange and modify two objects
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where p,p’ are two proteins (possibly equal, and then we have rules of type res).

An intermediate case can be that of changing proteins, but in a restricted
manner, by allowing at most two states for each protein, p, p, and the rules either
as in the first table (without changing the protein), or changing from p to p and
back (like in the case of bistable catalysts). Rules with such flip-flop proteins are
denoted by nff,n =1,2,3,4,5 (note that in this case we allow both rules which
do not change the protein and rules which switch from p to p and back).

Both in the case of rules of type ff and of type cp we can ask that the proteins
are always moved in their complementary state (from p into p and vice versa).
Such rules are said to be of pure ff or cp type, and we indicate the use of pure ff
or cp rules by writing ffp and cpp, respectively.

To divide a membrane, we use the following type of rule, where p, p’, p’ are
proteins (possible equal): Lol ], = L' L ],

The membrane 4 is assumed not to have any polarization and it can be non-
elementary. The rule doesn’t change the membrane label 7 and instead of one
membrane, at next step, will have two membranes with the same label ¢ and
the same contents replicated from the original membrane: objects and/or other
membranes (although the rule specifies only the proteins involved).

Definition 1. A P system with proteins on membranes and membrane division
(in the sequel simply P system, if not stated otherwise) is a system of the form
II=(0,Ppu,wi/z1,- - sWn/2m, E,R1, ..., Rm,i,), where

m is the degree of the system (the number of membranes),
O is the set of objects, P is the set of proteins (with ONP =),
1 1S the membrane structure,

Wy, ..., Wy are the (strings representing the) multisets of objects present in the m
regions of the membrane structure u,
21, ..., 2m are the multisets of proteins present on the m membranes of u,

E C O is the set of objects present in the environment (in an arbitrarily large
number of copies each),

Ry, ..., Ry, are finite sets of rules associated with the m membranes of u, and

i, 18 the label of the output membrane.

The rules are used in the non-deterministic maximally parallel way: in each
step, a maximal multiset of rules is used, that is, no rule is applicable to the objects
and the proteins which remain unused by the chosen multiset. At each step we have
the condition that each object and each protein can be involved in the application
of at most one rule, but the membranes are not considered as involved in the rule
applications except the division rules, hence the same membrane can appear in
any number of rules of types 1-5 at the same time. By halting computation we
understand a sequence of configurations that ends with a halting configuration
(there is no rule that can be applied considering the objects and proteins present
at that moment in the system). With a halting computation we associate a result,
in the form of the multiplicity of objects present in region i, at the moment when
the system halts. We denote by N(II) the set of numbers computed in this way
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by a given system IT. We denote, in the usual way, by NOP,, (pro,;list-of-types-of-
rules) the family of sets of numbers N (II) generated by systems IT with at most m
membranes, using rules as specified in the list-of-types-of-rules, and with at most
r proteins present on a membrane. When parameters m or r are not bounded, we
use * as a subscript.

Ezxample: Consider the P system

I = (07 {pa q}’ [0[1]1}(% @/@, {al}/{p}v @, @, Rlvo)’ where
O ={ay,...,an}

Ry = {[ipl 1 — [ial Jilral J1; halan)s — anf1q] 1}
U {liqlaili — [iplaii]i[1 <i<n—1}

Config. 0 Config. 1 Config. 2 Config. 2n

o || (e

P a, a, « a4 a, - a,

a, = g = P = q q q
Lo a a,

Fig. 1. An example of a P system with proteins on membranes.

In its initial configuration the system contains two membranes and one object.
In every odd step all the membranes labelled 1 are divided and their membrane
proteins are changed from p to ¢. In every even step the proteins change back
from ¢ to p, and objects a; in the membranes evolve to a;41, for 1 <i <n — 1.
Therefore, every two steps the number of membranes labelled 1 is doubled. In 2n-
th step the objects a,, are expelled to the membrane labelled 0, which is the output
membrane, and the systems halts. The computation of the system is illustrated in
Fig. 1. Therefore, we can write that N(II) = {2"|n € N}.

Several computational universality results are known to hold for P systems
with proteins on membranes [8, 7], from which we recall only two:

NOP;, (proa; 2cpp) = NOP1(pro; 3ffp) = NRE,

where NRFE is the class of all recursively enumerable sets of non-negative integers.
In this paper, however, we focus on P systems working in accepting mode, described
in the next section, which can solve decision problems.
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2.1 Families of membrane systems

Most of the membrane computing models are universal, i.e., they allow for a con-
struction of a universal machine capable of solving any Turing-computable prob-
lem. However, when we try to employ the massive parallelism of P systems for
effective solutions to intractable problems, the concept of one universal P systems
solving all the instances of the problem is rather restrictive. The effective use of
parallelism can be restricted by the particular structure of such a P system. For
instance, the depth of the structure is fixed during the computation in most P
system models. But for an effective parallel solution to various instances, various
depths of the membrane structure might be needed.

Therefore, to attack intractable problems, we frequently use families of P sys-
tems instead of a single P system. Generally, given a computational problem X,
each machine M,, of the family M = (M, M, ...) is able to solve the instances
of X of size n. We denote by |z;| the size of an instance x; of a problem X. In the
usual representation x;, 7 = 1,2, ..., are words over a fixed finite alphabet and |z;|
is the length of x;. The following definition is due to [6].

Definition 2. Let D be a class of P systems and let f : N — N be a total function.
The class of problems solved by uniform families of P systems of type D in time
f, denoted by MCp(f), contains all problems X such that:

1. there exists a uniform family of P systems IIx = (IIx(1); IIx(2);...) of type
D : each IIx(n) can be constructed by a deterministic Turing machine with
mput n in a time polynomial to n.

2. Fach ITx(n) is sound: ITx(n) starting with a (properly encoded) input x € X
of size n expels out a distinguished object yes if and only if the answer to x is
“yes”.

3. Fach IIx(n) is confluent: all computations of ITx(n) with the same input
of size n give the same result: “yes” or “no”.

4. IIx is f-efficient: ITx (n) always halts in at most f(n) steps.

Alternatively we can consider semi-uniform families of P systems IIx =
(IIx(z1); x(x2);...) whose members ITx(x,) can be constructed by a deter-
ministic Turing machine with input ,, in a polynomial time w.r.t. |2,|. In this
case, for each instance of X we have a special P system which therefore does not
need an input. The resulting class of problems is denoted by MCC3(f). Obviously,
MC»p(f) € MC3(f) for a given class D and a constructible function f.

Particularly, we denote by

PMCp = | | MCp(O(n¥)),  PMC} = | MC3(0(n)),
keN keN

the classes of problems solvable by uniform (semi-uniform, respectively) families
of P systems in polynomial time. Let us denote by MP the class of P systems
with proteins on membranes. The following relation follows by [8] for P systems
with proteins on membranes:
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NP C PMC?,p. (2)

3 Solving QSAT in linear time

In this section we show that P systems with proteins on membranes can solve in
linear time the PSPACE-complete problem QSAT. More precisely, there exists
a semi-uniform family of these P systems such that for each instance of QSAT,
a proper P system solving that instance in a linear time can be constructed in a
polynomial time w.r.t. the size of the instance. We also observe interesting trade-off
between the use of certain elementary P systems operations.

The problem QSAT (satisfiability of quantified propositional formulas) is a
standard PSPA CE-complete problem. It asks whether or not a given quantified
boolean formula in the conjunctive normal form assumes the value true. A formula
as above is of the form

’}/:Qll‘ngxQ...in‘n(Cl/\Cg/\.../\Cm), (3)

where each @Q;, 1 < i < n, is either V or 3, and each C;, 1 < j < m, is a clause
of the form of a disjunction C; = y;1 Vy2 V...V y,, with each y; being either a
propositional variable, x4, or its negation, —x,. For example, let us consider the
propositional formula

B = Q1x1Q2x2[(x1 V z2) A (mxq V —22))]

It is easy to see that it is true when Q1 = V and @5 = 3, but it is false when
leﬂand QQZV

The proof given below is based on the technique already employed in [10]
which deals with P systems with active membranes. However, since the function
of membrane proteins is different, the proof was substantially adapted. Notice,
e.g., that in the P systems with active membranes, the division operation is driven
by both membrane contents and polarization, while here it is controlled solely by
membrane proteins. As a result, in [10] the membrane structure divides in the
bottom-up manner, here the reverse top-down order must be employed.

Theorem 1. PSPACE C PMC?,p.
Proof. Consider a propositional formula ~ of the form (3) with
Ci=vyi1V...Vip,

for some p; > 1, and y; j € {xp, x| 1 <k <n}, foreach1 <i<m,1<j <p;.
We construct the P system

II = (O,P,,LL,U)O/Z(),?Ul/Zl, s awn+2/zn+27®7ROaR17 .- '7Rn+250)

with the components
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O ={ajti, fi | 1 <i <npU{r,7; | 1 <i <m}U{t s},
P:{pOap-‘rap—va}v

H= [0[1"'[n[n+1]n+1[n+2}n+2]n"'}1]07
Wo = Wni2 = A,

w; = a;, foreachi=1,2,...,n,
Wp41 = T172 ... T,

20 = Po, 21 = Pz,

zi =po, foralli=2,...,n+2.

The rules contained in the sets R; are defined below:
InR;, 1<i<n:
[Z‘pib| L - [ier‘ ]i[ip*| ]ia [ip+|ai]z‘ - [ip+|ti]ia [ip7|ai]i - [ip*|fi}i (4)
InR;, 1<i<n—1:
ti[i+1p0| ]i+1 - [i+1pa:|ti] i1 fi[i+1p0| ]i+1 - [i+1pz‘fi] i+l (5)
InR;, 3<i<n:

tj[¢p0| L - [ipo‘tj]w fj[ipol ]1 - [ip0|fj]i for all ja 1 S] <i—2 (6)

In Rn+1 :
ti[n+1p0|rj]n+1 - rj[n+1p0|ti]n+1 (7)
for all 7,7, 1 <7 <n, <j < m such that the clause C; contains z;
In R’I’L+1 :
filpapolril iy = 75l apol fil g (8)
for all 4,7, 1 <i<mn, 1 <j < m such that the clause C; contains —z;
In Rpq1:
[n+1p0|ti]n+1 - ti[n+1p0| ]n+1’ [n+1p0‘fi] ntl fi[n+1p0| ]n+1 (9)
foralli, 1<i<n
In R4
1,4 0P0l 1o = [aiaPol™] 0 (10)
In Rn+2 :
Ti+1[n+2p0|Fi]n+2 — ?i[n+2p0|?i+l}n+2 for all i, 1 < ) S n—1 (11)
In R4

[n+2p0|7m]n+2 - t[n+2p0| ]n+2 (12)
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Fig. 2. Expansion of the initial membrane structure into a binary tree (only the first
n + 1 levels shown). The symbols at nodes indicate the proteins present on membranes.

In R;, 1 <i<nsuchthat Q; =V:
[ip—|t]i - S[ip_| ]iv S[ip—i-‘t]i - t[ip+|5]i (13)

In R;, 1 <i<mnsuchthat Q; =3:

[ip,‘t]i - t[ip,| ]1'7 [ip+|t]i - t[ip+| ]z (14)

It is easy to check that the size of the P system IT (the number of objects,
membranes, rules, the size of the initial configuration etc.) is O(nm), n being the
number of variables and m the number of clauses. Also the system can obviously
be constructed in a polynomial (linear) time.

Initial phase of computation of the system II is illustrated in Fig. 2. In the
first step the non-elementary membrane at level 1 is divided by the first rule in (4)
into two parts with different membrane proteins. In the next step, symbols f; and
t; are produced in the two resulting membranes, see the next rules in (4). In the
third step, these symbols are moved one level lower, into the membranes labeled 2,
see (5). The membrane protein on these membranes is changed to p,. This cycle is
repeated n times and waves corresponding to the division by rules (4) descend the
membrane tree towards its leaves. Simultaneously, the produced symbols ¢; and f;
move towards the leaves of the tree thanks to the rules (6). This phase is finished
after 3n — 1 steps when the membrane structure forms a balanced binary tree, see
Fig. 2. Each of its 2" nodes at level n contains a set of objects {z1,z2,..., 2z},
where x; € {f;,t:}, 1 <i <mn, such that all possible n-tuples are present.

Second phase consists of checking whether the formula without quantifiers is
satisfied by the n-tuples of logical values (1, 22, ..., 2,). The checking is done for
all the n-tuples in parallel. It starts by moving of those objects r;, 1 < i < m,
corresponding to the clauses C; which are satisfied by a particular n-tuple, from
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the membrane [, ] ., to [,], . Rules (7)-(9) are responsible for this process.
Whenever objects r1,...,7, appear in membrane [ ] , another process starts
whose purpose is to check whether all r;, 1 < ¢ < m, are present. This is done
by their movements to-and-from membrane [ ,] ., driven by rules (10)-(12).
Eventually, object ¢ is released into the membrane [ ]

The application of rules of the second phase can partially overlap with the
initial phase: whenever first objects t; or f; arrive into the membrane [ | , the
second phase starts, while remaining ¢;’s and f;’s can arrive later. However, the
application of the rules in the second phase described above is not altered.

Finally, third phase of computation checks whether the whole formula with
quantifiers is satisfied. Objects ¢ move upwards the membrane structure tree,
checking at each level one quantifier V or 3. Observe that rules (13)—(14) allow
for existence of more than one symbol ¢ per membrane (in the case of 3) which,
however, do not alter the computation. Eventually, object ¢ appears in membrane
0, signaling that the formula is satisfied, and the system halts.

The whole computation is performed by time linearly limited from above by
the values of n and m. More specifically, the initial phase is finished in 3n — 1
steps, the second phase takes up to 3m steps and the last phase up to 2n steps.
In total, the computation takes O(n + m) steps.

Observe that rules (5) are the only rules of type 2¢p. All the rest are restricted
(or division) rules. Furthermore, these 2¢p rules are used only to control the mem-
brane division process. The membrane division rules can be controlled solely by the
presence of a specific membrane protein. Assume that we introduced division rules
similar as in P systems with active membranes, i.e., of type [,pla], — [,p|b],[.plc]
controlled by the presence of certain object in a membrane. Then the rules (5)
would not be needed and the whole P systems could use only restricted and divi-
sion rules.

Hence, it turns out that the only necessary purpose of membrane proteins is
the control of membrane division forced by the specific type of division rules. If
we compare our proof with that in [10], we observe that the role played in [10] by
the membrane polarization (which is in some sense generalized in the concept of
membrane proteins) is in our proof frequently replaced by the use of antiport rules
of types (4) and (5). Therefore, there is a trade-off between membrane labeling
(polarization, proteins) and antiport rules.

This suggests that from the point of view of efficiency, there is no substantial
difference between restricted and “change protein” rules. The paper [8] shows that
the universality can be reached only with the restricted rules, too. However, there
is another trade off between the number of membranes and the use of “change
protein” rules in this case.
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4 Simulation of a P system with proteins on membranes in
polynomial space

In this section we demonstrate an algorithm for simulation of P systems with pro-
teins on membranes which proves the relation reverse to that given in Theorem 1.
Notice that the simulated P system is confluent (hence possibly non-deterministic),
therefore the conditions of the Parallel Computation Thesis are satisfied. However,
our simulation itself is deterministic — at each step we simulate only one chosen
multiset of applicable rules. Hence we simulate one possible sequence of config-
urations of the P system. The algorithm of selection of the rules to be applied
corresponds to introducing a weak priority between rules: (i) bottom-up priority
between rules associated to different membranes, (ii) priority between rules in the
same membrane, given by the order in which they are listed, including the priority
between types 1-6, in this order. The confluency condition ensures that such a
simulation leads always to a correct result.

We employ the technique of reverse-time simulation which is known from the
general complexity theory when dealing with the second class machines. Instead
of simulating a computation of a P system from its initial configuration onwards
(which could require an exponential space for storing configurations), we create
the recursive function State which returns the state of any membrane h after a
given number of steps. The recursive calls evaluate contents of the membranes
interacting with h in a reverse time order (towards the initial configuration). The
key observation is that the state of the membrane is determined by its own state,
states of the embedded membranes and its parent membrane at the previous com-
putational step. In such a manner we do not need to store a state of any mem-
brane, but instead we calculate it recursively whenever it is needed. The depth of
the recursive calls is proportional to the number of steps of the simulated P sys-
tem. Furthermore, at each level of the call stack we must store a state of a single
membrane which can be done in a polynomial space. In this way a result of any
T'(n)-time-bounded computation of a confluent accepting P system with proteins
on membranes can be found in a space polynomial to T'(n).

Theorem 2. PMC%,» C PSPACE.

The proof of the above theorem is not included for its extensive length. The in-
terested reader can consult the technical report downloadable at the web address
http://ui.fpf.slu.cz/"sos10um/TR_2009-01.pdf.

If we put together Theorems 2 and 1, we obtain the parallel computation thesis
for semi-uniform families of confluent P systems with proteins on membranes:

Corollary 1.  PMC#,, = PSPACE.

5 Discussion

We have shown that semi-uniform families of P systems with proteins on mem-
branes can solve in polynomial time exactly the class of problems PSPACE.
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Therefore, they are computationally equivalent to other parallel computing model
as PRAM or alternating Turing machine. We conjecture that the same result holds
with regards to uniform families of P systems but no formal proof is known yet.
Possibly a construction similar to that in [2] could be used to solve this problem.
Also the characterization of power of non-confluent P systems with proteins mem-
branes remains open. The presented proof cannot be simply adapted to this case
by using a non-deterministic Turing machine. The reason is that we cannot store
non-deterministic choices of such a P system along a chosen trace of computation,
as this would require an exponential space. Therefore, we do not know what is the
power of non-confluent P systems with proteins on membranes.

A similar result has been previously shown in [11] for the case of P systems with
active membranes. Therefore, taking into the account another results of this kind
related to other types of natural or molecular computing, one could suggest that
the class PSPACE represents natural characterization of deterministic natural
computations. It is important to note that certain operations used in P systems
with proteins on membranes, as the division of non-elementary membranes, seem
to have in practice very limited scalability, on one hand. On the other hand,
certain properties of biocomputing models, as the massive parallelism, minimal
energy consumption, microscopic dimensions of computing elements etc. makes it
very attractive to seek for ways how to harness the micro-biological machinery for
algorithmic tasks.

Among further problems we mention restricted variants of the P systems with
proteins on membranes. How would the computational power of (semi)uniform
families of such systems change if only certain types of rules were allowed?
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Summary. We show that a deterministic single-tape Turing machine, operating in poly-
nomial space with respect to the input length, can be efficiently simulated (both in terms
of time and space) by a semi-uniform family of P systems with active membranes and
three polarizations, using only communication rules. Then, basing upon this simulation,
we prove that a result similar to the space hierarchy theorem can be obtained for P sys-
tems with active membranes: the larger the amount of space we can use during the
computations, the harder the problems we are able to solve.

1 Introduction

Membrane systems (also known as P systems) have been introduced in [11] as
a parallel, nondeterministic, synchronous and distributed model of computation
inspired by the structure and functioning of living cells. The basic model consists
of a hierarchical structure composed by several membranes, embedded into a main
membrane called the skin. Membranes divide the Euclidean space into regions,
that contain multisets of objects (represented by symbols of an alphabet) and
evolution rules. Using these rules, the objects may evolve and/or move from a
region to a neighboring one. Usually, the rules are applied in a nondeterministic
and maximally parallel way. A computation starts from an initial configuration of
the system and terminates when no evolution rule can be applied. The result of
a computation is the multiset of objects contained into an output membrane, or
emitted from the skin of the system. An interesting subclass of membrane systems
is constituted by recognizer P systems, in which: (1) all computations halt, (2) only
two possible outputs exist (usually named yes and no), and (3) the result produced
by the system only depends upon its input, and is not influenced by the particular
sequence of computation steps taken to produce it. For a systematic introduction
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to P systems we refer the reader to [13], whereas the latest information can be
found in [22].

Since the introduction of membrane systems, many investigations have been
performed on their computational properties: in particular, many variants have
been proposed in order to study the contribution of various ingredients (associ-
ated with the membranes and/or with the rules of the system) to the achievement
of the computational power of these systems. In this respect, it is known [14, 20, 6]
that the class of all decision problems which can be solved in polynomial time by a
family of recognizer P systems that use only basic rules, that is, evolution, commu-
nication and membrane dissolution, coincides with the complexity class P. Hence,
in order to efficiently solve computationally difficult (for example, NP-complete)
problems by means of P systems it seems necessary to be able to exponentially in-
crease (in polynomial time) the number of membranes, that can be regarded as the
size of the workspace. In particular, two features have proven to be of paramount
importance in establishing whether a membrane system is able to solve compu-
tationally difficult decision problems in polynomial time: membrane dissolution
and division. Dissolution rules simply dissolve the surrounding membrane when
a specified symbol occurs. Division rules are inspired from the biological process
called mitosis: they allow to duplicate a given membrane that contains a specified
symbol, possibly rewriting this symbol in a different way in each of the membranes
produced by the process. All the other symbols, as well as the rules, which are con-
tained in the original membrane are copied unaltered into each of the resulting
regions. As for the membranes possibly contained in the original region (if any), we
can consider the following situations. If no membrane occurs, then we say that the
division is elementary; if one or more membranes occur, then we have to specify
how they are affected by the division operation. If all the membranes are copied
to each of the resulting regions, then we have a weak (non-elementary) division;
if, instead, we can choose what membranes are copied into each of the resulting
regions, then we have a strong (non-elementary) division.

Recognizer P systems with active membranes (using division rules and, pos-
sibly, polarizations associated to membranes) have been successfully used to effi-
ciently solve NP-complete problems. The first solutions were given in the so called
semi-uniform setting [12, 20, 9, 10], which means that we assume the existence of
a deterministic Turing machine that, for every instance of the problem, produces
in polynomial time a description of the P system that solves such an instance. The
solution is computed in a confluent manner, meaning that the instance given in
input is positive (resp., negative) if and only if every computation of the P system
associated with it is an accepting (resp., rejecting) computation. Another way to
solve NP-complete problems by means of P systems is by considering the uniform
setting, in which any instance of the problem of a given length can be fed as input
— encoded in an appropriate way — to a specific P system and then solved by it.
Sometimes, a uniform solution to a decision problem @ is provided by defining a
family {IIg(n)}nen of P systems such that for every n € N the system IIg(n)
reads in input an encoding of any possible instance of size n, and solves it. P sys-
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tems with active membranes have thus been successfully used to design uniform
polynomial-time solutions to some well-known INP-complete problems, such as
SAT [15].

All the papers mentioned above deal with P systems having three polarizations,
that use only division rules for elementary membranes (in [19] also division for non-
elementary membranes is permitted, and in this way a semi-uniform solution to
the PSPACE-complete problem QSAT is provided), and working in the mazimally
parallel way. As shown in [2], the number of polarizations can be decreased to two
without loss of efficiency. On the other hand, in [5] the computational power of
recognizer P systems with active membranes but without electrical charges and dis-
solution rules was investigated, establishing that they characterize the complexity
class P. Finally, in [21] it was shown that polarizationless P systems with active
membranes that use strong division for non-elementary membranes and dissolution
rules, working in the maximally parallel way, are able to solve in polynomial time
the NP-complete problem 3-SAT. This result establishes that neither evolution nor
communication rules, and no electrical charges are needed to solve NP-complete
problems, provided that we can use strong division rules for non-elementary mem-
branes (as well as dissolution rules, otherwise we would fall in the case considered
in [5]).

By looking at the literature one can see that, until now, the research on the
complexity theoretic aspects of P systems with active membranes has mainly fo-
cused on the time resource. In particular, we can find several results that compare
time complexity classes obtained by using various ingredients (such as, e.g., polar-
izations, dissolution, uniformity, etc.). Other works make a comparison between
these classes and the usual complexity classes defined in terms of Turing machines,
either from the point of view of time complexity [14, 4, 20], or space complexity
[19, 1, 17]. A first definition of space complexity for P systems was given in [7],
where the measure of space is given by the maximum number of objects occurring
during the computation. The definition was then generalized to P systems with
mutable membrane structure [16], in particular P systems with active membranes,
thus formalizing the usual notion of exponential workspace generated through
membrane division.

In this paper, basing upon the formal definitions given in [16], we present some
results concerning the relations among space complexity classes defined in terms
of P systems, under some specified constraints. In particular, we first show how to
simulate a deterministic single-tape Turing machine by a semi-uniform family of
P systems with active membranes and three polarizations.

Then, by focusing our attention on computations occurring in polynomial
space, we define a pseudo-hierarchy of space complexity classes. Such classes are
inspired by the space hierarchy theorem, that we restate and prove (albeit in a
slightly different form) for P systems with active membranes. Let us note that a
different hierarchy for catalytic P systems with a fixed membrane structure has
been introduced in [7].
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The paper is organized as follows. In section 2 we recall the definition of recog-
niser P systems with active membranes, thus establishing our model of computa-
tion, and we recall some basic notions that will be used in the rest of the paper. In
section 3 we show how to simulate a deterministic single-tape Turing machine by
means of a semi-uniform family of P systems with active membranes. In section
4 we recall the space hierarchy theorem and, inspired by it, we define a pseudo-
hierarchy of space complexity classes determined by P systems with active mem-
branes. Finally, section 5 contains the conclusions and some directions for further
research.

2 Definitions

We begin by recalling the definition of P systems with active membranes.

Definition 1. A P system with active membranes of the initial degree m > 1 is a
tuple
I = (IA pywy, ..., Wy, R)

where:

I is a finite alphabet of symbols, also called objects;
A is a finite set of labels for the membranes;
1 is a membrane structure (i.e., a rooted unordered tree) consisting of m mem-
branes enumerated by 1,...,m; furthermore, each membrane is labeled by an
element of A, not necessarily in a one-to-one way;

® Wi,..., W, are strings over I', describing the multisets of objects placed in the
m initial regions of u;

e R is a finite set of rules.

Each membrane possesses a further attribute, named polarization or electrical
charge, which is either neutral (represented by 0), positive (+) or negative (—)
and it is assumed to be initially neutral.

The rules are of the following kinds:

e Object evolution rules, of the form [a — w|
They can be applied inside a membrane labeled by h, having polarization «
and containing an occurrence of the object a; the object a is rewritten into the
multiset w (i.e., a is removed from the multiset in h and replaced by every
object in w).

o Communication rules, of the form a[ ]} — [b]’g
They can be applied to a membrane labeled by h, having polarization o and such
that the external region contains an occurrence of the object a; the object a is
sent into h becoming b and, simultaneously, the polarization of h is changed to

3.
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Communication rules, of the form [a]? — Hf b

They can be applied to a membrane labeled by h, having polarization o and
containing an occurrence of the object a; the object a is sent out from h to the
outside region becoming b and, simultaneously, the polarization of h is changed
to 3.

Dissolution rules, of the form [a]§ — b

They can be applied to a membrane labeled by h, having polarization o and
containing an occurrence of the object a; the membrane h is dissolved and its
contents are left in the surrounding region unaltered, except that an occurrence
of a becomes b.

Elementary division rules, of the form [a]} — [b]g [c]}
They can be applied to a membrane labeled by h, having polarization o, con-
taining an occurrence of the object a but having no other membrane inside; the
membrane is divided into two membranes having label h and polarizations 3
and ~y; the object a is replaced, respectively, by b and c while the other objects
in the initial multiset are copied to both membranes.

Non-elementary division rules, of the form

0 U U Ui = (O Ui [ -+ LR

They can be applied to a membrane labeled by h, having polarization o, contain-
ing the positively charged membranes hy, ..., hi, the negatively charged mem-
branes hg11,...,h,, and possibly some neutral membranes. The membrane h
1s divided into two copies having polarization 3 and -y, respectively; the positive
children are placed inside the former, their polarizations changed to &, while
the negative ones are placed inside the latter, their polarizations changed to €.
Any neutral membrane inside h is duplicated and placed inside both copies.

A configuration in a P system with active membranes is described by its current

membrane structure, together with its polarizations and the multisets of objects
contained in its regions. The initial configuration is given by u, all membranes
having polarization 0 and the initial contents of the membranes being w1, ..., Wy,.
A computation step changes the current configuration according to the following
principles:

Each object and membrane can be subject to only one rule during a computation
step.

The rules are applied in o maximally parallel way: each object which appears
on the left-hand side of applicable evolution, communication, dissolution or
elementary division rules must be subject to exactly one of them; the same holds
for each membrane which can be involved in a communication, dissolution or
division rule. The only objects and membranes which remain unchanged are
those associated with no rule, or with unapplicable rules.

When more than one rule can be applied to an object or membrane, the actual
rule to be applied is chosen nondeterministically; hence, in general, multiple
configurations can be reached from the current one.
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o When dissolution or division rules are applied to a membrane, the multiset of
objects to be released outside or copied is the one resulting after all evolution
rules have been applied.

e The skin membrane cannot be divided, nor it can be dissolved. Furthermore,
every object which is sent out from the skin membrane cannot be brought in
again.

A (halting) computation C of a P system II is a sequence of configurations
(Coy .. .,Ck), where Cy is the initial configuration of II, every C;y1 can be reached
from C; according to the principles just described, and no further configuration can
be reached from Cy (i.e., no rule can be applied).

We can use families of P systems with active membranes as language recognis-
ers, thus allowing us to solve decision problems.

Definition 2. A recogniser P system with active membranes IT has an alphabet
containing two distinguished objects yes and no, used to signal acceptance and
rejection respectively; every computation of II is halting and exactly one object
among yes, no is sent out from the skin membrane during each computation.

If all computations starting from the initial configuration agree on the result,
then II is said to be confluent; if this is not necessarily the case, then it is said to
be non-confluent (and the global result is acceptance iff an accepting computation
exists).

Definition 3. Let L C X* be a language and let II = {II, : « € X*} be a family
of recogniser P systems. We say that II decides L, in symbols L(IT) = L, when
for each © € X*, the result of II, is acceptance iff v € L.

Usually, a condition of uniformity, inspired by those of families of Boolean
circuits, is imposed on families of P systems.

Definition 4. A family of P systems II = {II, : © € X*} is said to be semi-
uniform when the mapping x — II, can be computed in polynomial time by a
deterministic Turing machine.

Time complexity classes for P systems are defined as usual, by restricting the
amount of time available for deciding a language. By MC%(f(n)) we denote the
class of languages which can be decided by a semi-uniform class of confluent P sys-
tems IT of class D (e.g., AM denotes the class of P systems with active membranes)
where each computation of II, € II halts within f(|z|) steps. The class of lan-
guages decidable in polynomial time is denoted by PMC%.

Recently, a space complexity measure for P systems has been introduced [16].
We recall here the relevant definitions.

Definition 5. Let C be a configuration of a P system II. The size |C| of C is defined
as the sum of the number of membranes in p and the total number of objects they
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contain*. If C = (Co, . ..,Ck) is a halting computation of I, then the space required
by C is defined as
|C| = max{|Col, ..., |Ck|}

The space required by II itself is then
|IT| = max{|C| : C is a halting computation of IT}.

Finally, let II = {II, : © € X*} be a family of recogniser P systems; also let
f: N — N. We say that II operates within space bound f iff |II,| < f(|z|) for
each x € X*.

Next, we formally define the variant of Turing machine we use in the following
sections.

Definition 6. A single-tape deterministic Turing machine is a tuple

M = (Q,E,F,(S,QO,A,R)

where:

e () is a finite and nonempty set of states;

e Y is the finite input alphabet;

e [ is the tape alphabet, a finite superset of X;

o the partial function §: I' x Q — I' X Q x {«, —, —} is the transition function;

we assume that § is undefined on both accepting and rejecting states;
qo € Q is the initial state;

A C Q is the set of accepting states;

R C Q is the set of rejecting states, disjoint from A.

Finally, we recall the definition of constructible function (for further informa-
tion on this topic see, for instance, [8, 3, 18]).

Definition 7. A function f: N — N is said to be time-constructible iff the map-
ping 1™ — 170 e from the unary representation of n to the unary represen-
tation of f(n), can be computed by a deterministic Turing machine in O(f(n))
time.

The function f is space-constructible iff the mapping 1™ — 1/ can be com-
puted by a deterministic Turing machine in O(f(n)) space.

! An alternative definition, where the size of a configuration is given by the sum of
the number of membranes and the number of bits required to store the objects they
contain, has been considered in [16]. However, the choice between the two definitions
is irrelevant as far as the results of this paper are concerned.
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3 Simulating Turing machines

In this section we show that a single-tape Turing machine M having ¥ = {0,1}
as input alphabet and operating in polynomial space f(n) and time g(n) can be
simulated efficiently (i.e., by using O(f(n)) space and O(g(n)) time) by a semi-
uniform family Iy, = {IIpr, : @ € {0,1}*} of P systems with active membranes
and three polarizations, where each IIjs, simulates the computation of M on
input . We also stress the fact that these P systems can be defined in such a way
that communication is the only required kind of rule.

Turing machines operate by reading and writing symbols on a tape divided into
cells: the main idea of our simulation is representing each cell by a membrane. In a
Turing machine the tape cells are linearly ordered (we assume they are numbered
by nonnegative integers); one way to organise the membranes without losing this
information is in a nested way, i.e., one inside the other. Either the innermost or
the outermost membrane can be put into correspondence with the leftmost tape
cell; without loss of generality, we choose the outermost one.

Each cell of the Turing machine contains a symbol taken from the tape al-
phabet, which we assume to be I' = {0, 1, _}, where _ denotes the blank symbol.
In the P system, the symbol written in a cell is stored in the polarization of the
corresponding membrane. The default neutral polarization represents a blank cell,
while the negative and positive polarizations represent 0 and 1, respectively.

A single object in the P system represents the state of the Turing machine
(an element ¢ of the finite set @), and its location inside the membrane structure
represents the position of the tape head: the object is located immediately inside
the i-th membrane iff the tape head of the simulated machine is located on the
i-th leftmost tape cell. The object is changed (via communication rules) both in
form and location in order to reflect the change of state and position of the tape
head of the Turing machine.

Finally, the transition function 6: I' x Q@ — I' x Q x {+,—, —} of the Turing
machine is implemented by using a set of communication rules. The object rep-
resenting the head position and state of the Turing machine is moved to the new
position, while simultaneously changing the polarization of the current membrane
in order to update the contents of the tape; it is also rewritten into a (possibly
different) symbol, representing the new state of the machine. In order to execute
these operations, the P system requires a constant number of steps for each com-
putation step of the simulated Turing machine.

Let M be a single-tape deterministic Turing machine operating in space f(n).
Let © = xy22-- -2, € {0,1}* be an input for M. The membrane structure pips
is made of f(n) membranes labelled by h and placed one inside the other; this
structure is surrounded by a further membrane hg, which also contains a membrane
labelled by w. The initial configuration of js, , is as follows:

f(n) membranes f(n) membranes
[Golo [walwa - fenl-- [ 101 I Tali Tho

n membranes n membranes
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Each of the outermost n membranes labelled by h contains an object x; € {0, 1},
representing the ¢-th input symbol of M; these objects are used to set up the
initial contents of the tape (recall that, by definition, all membranes are initially
required to be neutral). The following communication rules serve the purpose of
changing the polarization of a membrane h according to the symbol contained in
the corresponding tape cell:

[0 — [11, # (1)
[ — (15 # (2)

where # is a “junk” object, i.e., an object which does not appear on the left-hand
side of any rule.

While the initial configuration of the simulated machine M is being set up
(only one step is required to do so) the head/state object go, where qq is the initial
state of M, is sent out from w by means of the following rule:

(0] — [T2 do 3)

After that, gy enters the membrane corresponding to the leftmost tape cell, while
simultaneously losing the “hat”, by using one of the following communication rules:

Go [ I — laoli Va € {-,0,+} (4)

Object qp is initially located inside w so that it requires two steps in order to reach
the membrane corresponding to the initial cell of M, thus avoiding conflicts with
the rules setting up the initial tape contents.

Now the real simulation begins. To each quintuple (a, q1,b, ¢2,d) describing a
transition of M (i.e., denoting the fact that d(a,q1) = (b,q2,d)) corresponds a
constant number of communication rules. If §(a,q1) = (b, g2, <) then there is a
single rule

)i — 17 2 ()
where o and (§ are — or + when a and b are 0 or 1 respectively. The rule moves
the head/state object outwards (which corresponds to moving the tape head of M
one position to the left) while changing it as the state of M does.

If the tape head does not move, as in §(a,q1) = (b, g2, —), then two rules are
needed:

[l — (11 a2 (6)

@ [1n — lazl), (7)

The first rule changes the symbol in the current cell, while the second one moves
the (updated) head/state symbol back to that cell.
When the tape head moves right, i.e., §(a, q1) = (b, g2, —), five rules are needed:

aly =117 & ®)
@ 1 = [d)) (9)
ql2 HZ - [QQ]Z v7 S {_707+} (10)
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The three rules in (10) are used to move the head/state symbol one membrane
deeper, thus completing the simulated movement of the tape head to the right.

Finally, the result of the computation of M is sent out of the membrane struc-
ture. If M enters an accepting state ¢, the head/state symbol is changed to yes
and expelled:

gl — 17 ves Va € {-,0,+} (11)
[yes]iy — [1i ves Va € {—,0,+} (12)
[yeslh, — [1h, yes (13)

la]y — [ ] no Vo € {—,0,+} (14)
[no]y — []5 no Vo € {—,0,+} (15)
[nolh, — [1h, mo (16)

Definition 8. With a slight abuse of notation, we denote by pipr . the whole P sys-
tem “module” consisting of both the membrane structure described above and the
set of rules (1)-(16). We also denote by Iy the family of P systems with active
membranes {IIp . : © € {0,1}*}, where Il . consists of the module fipr,s only.

Theorem 1. Let M be a single-tape deterministic Turing machine halting on ev-
ery input and operating in space f(n), where f(n) = 2(n), f(n) = O(n*) for some
fixred k and f(n) is time-constructible. Also assume that M operates in time g(n).
Then s is semi-uniform and decides the same language as M in O(f(n)) space
and O(g(n)) time; furthermore, Iy can be constructed in O(f(n)) time.

Proof. Each P system ITys, consists of f(n)+ 2 membranes and contains n + 1
objects, where n = |z|; hence ITj; clearly uses O(f(n)) space.

Each transition of M on input x is simulated by Il in at most three steps;
another step is required to set up the initial contents of the tape. When the result
object yes/no is produced, it is expelled from the system after a number of steps
which equals the number of the tape cell where M enters the final state, plus a
further step to exit the outermost membrane hg. Hence, the total time is O(g(n)).

The mapping = — Iy, can be computed in time O(f(n)), as

e the membrane structure consists of f(|z|) identical membranes (and two further
membranes w and hg) and can be constructed in O(f(n)) time steps, as f is
time-constructible by hypothesis;

e the initial configuration of the P system can be constructed in linear time from
x, as exactly n symbols are to be placed inside the outermost membranes;

e the set of communication rules only depends on M, and not on =x.

Since f(n) is bounded by a polynomial, the construction of ITy; is semi-uniform.
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4 A space pseudo-hierarchy

The space hierarchy theorem, a fundamental result in complexity theory, states
that Turing machines are able to solve harder problems when given a larger amount
of space to exploit. The proof [18] is constructive, as for every space bound f(n)
an explicit language is described which cannot be decided by using less space.

Definition 9. Let f: N — N. We denote by L(f) the language of strings x €
{0,1}* of the form (M)10*, where (M) is the binary description of a single-tape
deterministic Turing machine that rejects x without using more than f(|z|) space.

Theorem 2 (Space hierarchy theorem). Let f be a space-constructible func-
tion such that f(n) = 2(n). Then L(f) is decidable in space O(f(n)) but not in

space o(f(n)).

Proof (Proof sketch). The language L(f) can be decided by a deterministic Turing
machine D which simulates M on x within a f(|z|) space limit, flipping the re-
sult whenever the simulation completes successfully and rejecting if the non-blank
portion of the tape of M becomes longer than the space limit. Such a simulation
can be carried out in space O(f(n)).

If L(f) could be decided in space g(n) = o(f(n)) by some deterministic Turing
machine M, then D on input (M)10* (for large enough values of k) could complete
the simulation within the space limit and give a different result from M, thus
contradicting the hypothesis that L(D) = L(M) = L(f).

The trailing k zeros in the description of L(f) are a technical requirement:
since g(n) may be larger than f(n) for small n even when g(n) = o(f(n)), for some
inputs the simulation might not complete successfully; but D certainly answers the
opposite of M on all strings (M)10* for large enough values of k, thus ensuring
they decide different languages.

A related result can be proved in the setting of P systems with active mem-
branes. The main idea is to modify the Turing machine D of the above proof,
in such a way that, instead of directly simulating the machine M it receives as
input, it constructs a P system IT 1'\’496 ¢ which carries out this task. II JI\/4m fisa
variant of the P system Il , described in the previous section; notice that ITys ,
is not suitable for the present task, as it is designed to simulate only halting Turing
machines operating in polynomial space. The Turing machine D, instead, receives
arbitrary machines M as input, which on some input « could try to use more space
than we took into account when constructing I7,s ,.; alternatively, they could also
run forever, whereas we need to always give an answer.

We begin by modifying the P system module z1ps . such that, when M exceeds
the allocated space (i.e., when the tape head moves to the right of the rightmost
cell), the simulation ends by rejecting. Furthermore, when the simulation is com-
pleted correctly, we return the opposite result of M.

The P system module piy;, ¢, simulating M on x with a f(|z|) space bound,
has the following membrane structure and initial configuration:
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f(n) membranes f(n) membranes
[ldol [zfwa - [l L1, 10 T0 Tn-10lh g
——— —_——
n membranes n membranes

that is, the same structure of 11ps . except for an additional membrane h; in the
innermost position. Such a membrane is used to detect a space “overflow” and
halt the simulation if this event occurs, according to the following rules:

q]h, — [yes)h, for all states ¢ of M (17)
[yeslh, — [1h, yes (18)

Furthermore, the same rules (1)-(16) of definition 8 are used, except that rules
(13) and (16), involving the outermost membrane, are changed in order to flip the
result:

[yesh, — [1h, no (13)
[nolh, = [1h, yes (16)

Definition 10. The P system consisting only of module ,qu’f is denoted by
Ty, ;i we also define the family Iy, , = {II}, , ,: @ € {0,1}"}.

Lemma 1. Let f: N — N, with f(n) = 2(n) and f(n) = O(n*) for some fived
k, be time-constructible; let M be a single-tape Turing machine which halts on
every input. Then the family of P systems H?w, 7 s semi-uniform, in particular
constructible in O(f(n)) time, and

L(ITy, ;) = {z € {0,1}" : M rejects z in f(|z]) space}.

Proof. The family IT), ; is obviously constructible in O(f(n)) time (hence semi-
uniform) as in the proof of theorem 1, since there is only one extra membrane and
the new rules (17)—(18) do not depend on z.

The language decided by I}, 7 is, by construction, the complement of that of
M, except that strings = generating computations which require more that f(|x|)
cells are rejected.

Another stumbling block we need to overcome is the fact that some Turing
machines might operate within the space bound we fixed, but without halting.
Fortunately, we know that a single-tape Turing machine, having tape alphabet
{0,1,_} and operating in f(n) space, either halts within f(n) - |Q| - 3/ steps
(Q being its set of states), or does not halt at all. We can solve the problem by
counting the number of simulated steps, and halting the simulation when such time
bound is exceeded. The usual solution, i.e., having an object which is successively
rewritten into all values of the counter, does not work, as the counter may assume
exponentially large values (with respect to n). Hence, a more sophisticated solution
is needed.
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Definition 11. We define a P system module k,, having the following (n 4+ 1)-
degree membrane structure and initial configuration:

n—2

(e, -0,

The device is, essentially, an (n + 1)-bit binary counter. Each membrane corre-
sponds to one bit, cg and ¢, being the least significant and most significant bits re-
spectively. Neutral and positive polarizations represent 0 and 1, respectively. Thus,
in the initial configuration, k, stores the value 0. By using communication rules,
such value is incremented up to 2™. Since all membranes cq,. .., c,—1 have identi-
cal behaviour, they can all be given the same label, thus simplifying the structure
(and reducing the time required to construct it) as follows:

(LTl 1ele,

Recall that incrementing a binary integer is performed by flipping its bits, one by
one and starting from the least significant one, until a 0 is flipped into 1. The
object d mowves inside the membrane structure in order to perform this task. The
following rules (which are identical for membranes labeled by cy and ¢) move d
outwards, and change it into d' when the current increment operation has finished:

[d)e, — 114, d (19)
), = [1e, d (20)
[de — [1£ d' (21)
[ —[1ed (22)

The next rules take d' back to the starting position; when d’ re-enters the innermost
membrane cq it is rewritten into d, and the next increment operation may begin:

d[]g —[d]2 Vo € {0, +} (23)
d []* — [d* Vo € {0,+} (24)

Co co
Finally, when d crosses the outermost membrane ¢, it is left outside (i.e., there is
no rule bringing it back inside), as a signal that the counter has reached the value
2m:
[de, — (12, d (25)

Cn Cn

Lemma 2. The P system module k,, can be constructed in linear time, given the
unary representation of n; it sends out the object d after at least 2™ steps.

Proof. The membrane structure is of linear size, and there is a constant number
of communication rules, hence the construction can be performed in O(n) time.
Since incrementing the binary counter requires at least two applications of com-
munication rules (and 2n in the worst case), the object d is not set out before 2"
time steps have passed.
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When the object d is sent out from k,,, we can use it to stop the simulation of
the Turing machine, as we know that if it has not halted yet, then it will never
do (assuming we have chosen a suitable value for n). The obvious solution is to
use d to dissolve the whole membrane structure NQ\/],x, 3 however, besides requiring
the introduction of dissolution rules (recall that we have only used communica-
tion rules so far), there might exist computations during which d is not able to
enter a membrane in uy, , » because it is blocked by the head/state object which
continuously enters and exits from that membrane (e.g., if the head of the Turing
machine is stuck on a single tape cell). Both problems can be solved by slightly
changing the definition of module M?w, o f

We define a P system module MKLL ¢ with the following membrane structure
and initial configuration:

2f(n) membranes 2f(n) membranes
[[Go)e [fwa [z - - - [fawn[[- -~ (IR, 1R15 - TR1F 115 - - TRISIR5 1R,
—_— ~—————
2n membranes 2n membranes

that is, each membrane labelled by h is surrounded by a further membrane labelled
by j. The communication rules used to move the head/state object are changed
so that, when it crosses a membrane h (in either direction), it also crosses the
membrane j immediately outside whenever it is neutrally charged, without any
further change. However, when the head/state object crosses a membrane labelled
by j that is positively charged, it is changed into the object yes, so that it can be
sent outside as if machine M has accepted.

The module u’]\’/[’x, ¢ still simulates M on input  with space bound f; the double
membrane structure, besides slowing down the simulation by a multiplicative con-
stant, does not alter the simulated computation of M. However, we can combine
this module with ky(,) (where £(n) is a value large enough to ensure that object d
is not sent out prematurely) in such a way that when the object d is sent out, it
traverses the membrane structure ,uQ\’/Ii 7 and changes the polarization of all mem-
branes labelled by j to positive, thus stopping the simulation if it has not already
ended. Since the head/state object must always cross at least two membranes in
order to simulate a transition of M, the situation in which it continuously crosses
the same membrane forward and backward, thus blocking the object d, does never
happen.

Definition 12. The P system H;\I/I,:E,f is defined as follows:

[/‘LG\/L:L’,f ﬁ/(n)]g

that is, a skin membrane containing the P system modules u'l\’/[,zyf and kp(ny, with
the initial configuration and rules given by those of the two modules together. A
further pair of rules is used to send out the result from the skin membrane s:

[yes]s — [T yes (26)

[nol — [13 no (27)

S
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As noticed above, the value of £(n) must be large enough to ensure that object d is
not sent out from Ky before the result of a possibly halting computation of M is
expelled from NIJ(/I@,f' Since each transition of M can be simulated by at most siz
steps of u’]\’/l,%f, and since M may accept when its head is on the rightmost position
(the f(n)-th position) of the tape, thus requiring us to wait until the result object
has travelled through the whole membrane structure, an appropriate value is

((n) =log (6 f(n)-|Q|- 37" +2f(n) +1).

The system is augmented with a set of communication rules which cause the object
d, once it has been sent out from fiy(y), to traverse the nested membrane structure
of u’]’w@,f while changing the polarization of all membranes labelled by j to positive
(without changing any other polarization), thus aborting any non-halting simulated
computation.

We denote by 117, ; the family of P systems {IIy ;, :x € {0,1}*}.

From this definition, and lemmata 1 and 2, we can prove the following result.

Lemma 3. Let f: N — N, with f(n) = 2(n) and f(n) = O(n*) for some fived
k, be time-constructible; let M be a single-tape Turing machine (which does not
necessarily halt on every input). Then the family of P systems H’]\’/I’f is semi-
uniform, in particular constructible in O(f(n)) time, and

L(ITYy, ;) = {z € {0,1}" : M rejects  in f(|z]) space}.

We are now finally able to prove that L(f) can be recognised by a family of
P systems in O(f(n)) space.

Theorem 3. Let f: N — N, with f(n) = 2(n) and f(n) = O(n*) for some fived
k, be time-constructible. Then L(f) can be decided by a semi-uniform family of
P systems Il 5y using only communication rules, operating in space O(f(n)) and
constructible in time O(f(n)).

Proof. We only need to prove that the mapping (M), — HJ’\'/I’I’f (i.e., we are
given both M and its input, and not only z) can be computed in O(f(n)) time.
The only feature of IT f\'/[z ¥ which depends on M (in contrast with other features
depending on z) is the set of communication rules. The number of rules is linear
with respect to the length of the encoding of M (due to the rules in (5)—(10)
and (17)). Assuming a “reasonable” encoding of M, all the communication rules
can be constructed in linear time, hence O(f(n)) time.

The family Iz s of P systems is then constructed in O(f(n)) time by the
following Turing machine (here described informally):

If the input « is not of the form (M)10*, then construct a P system which
rejects immediately. Otherwise, construct IT j\’/[x Iz

The P systems constructed by this Turing machine work in O(f(n)) space, and
the thesis follows.
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In [17] a simulation algorithm for P systems with active membranes is de-
scribed. Although the precise space requirements are not detailed (only an asymp-
totic upper bound is given), by looking at the description of the algorithm one
can observe that, essentially, in order to simulate a P system Il we need to store
its current configuration, step by step (some auxiliary space is needed; however,
it does not exceed the space required by the configuration). Notice that a Turing
machine storing the configuration of II does not have the same space requirements
as II itself: indeed, a membrane structure of degree n may require up to nlogn
space, since the labels of the membranes (which do not contribute to the space
required by IT) need to be stored in order to correctly apply the rules (especially
non-elementary division rules); all the labels may be different in the worst case.
Keeping in mind this detail, we can prove the following result.

Theorem 4. Let f: N — N, with f(n) = 2(n) and f(n) = O(n*) for some fized k,
be time-constructible. Then no family I1 of P systems with active membranes, con-
structible in o( f(n)) time and operating in o(f(n)/log f(n)) space, decides L(f).

Proof. Suppose otherwise. Let M be the Turing machine constructing IT and con-
sider a Turing machine M’ implementing the following algorithm:

On input z, simulate M on x thus obtaining a description of a P system
I, deciding whether « € L(f). Then simulate I, and return the same
result.

Then L(M’) = L(II) = L(f), and M’ has the following space requirements:

simulation
f(n) f(n)
o (n) " Tog f(n)

This means that M’ decides L(f) in o(f(n)) space, thus contradicting the space
hierarchy theorem.

construction

(T

) =ots)

Notice that there is no restriction on the kind of rules the family IT can use.
By combining theorems 3 and 4 we obtain:

Theorem 5. Let f: N — N, with f(n) = 2(n) and f(n) = O(n*) for some fived
k, be time-constructible. Then there exists a language L which can be decided by
a semi-uniform family of P systems with active membranes (and using only com-
munication rules) that can be built in O(f(n)) time and works in O(f(n)) space.
On the other hand, L cannot be decided by any family of P systems constructible
in o(f(n)) time and working in o(f(n)/log f(n)) space.

5 Conclusions

In this paper we showed that a deterministic single-tape Turing machine, which
operates in polynomial space with respect to the input length, can be efficiently
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simulated (both in terms of time and space) by a semi-uniform family of P systems
with active membranes and three polarizations. The proposed simulation contains,
in our opinion, a very interesting construction which has never been considered
before (to the best of our knowledge), and which is exploited to obtain the result:
the contents of the cells of the simulated Turing machine are stored in the po-
larization of the membranes. This allowed us to use only communication rules to
compute the result.

Basing upon the above simulation, we proved that a result similar to the space
hierarchy theorem can be obtained for P systems with active membranes: the larger
the amount of space we can use during the computations, the harder the problems
we are able to solve.

Several open problems and research directions still remain to be investigated.
First of all, the result related to the space (pseudo)-hierarchy for P systems con-
tains a logarithmic factor, which arises from the simulation we proposed. Can we
avoid such a factor, thus obtaining a theorem which exactly corresponds to the
space hierarchy theorem related to Turing machines?

Following this direction, we could also consider different classes of P systems
with active membranes (e.g., using different parallel semantics), and check whether
the space (pseudo)-hierarchy theorem still holds for such classes.

As for the simulation of the single-tape deterministic Turing machine we pre-
sented in section 3, we conjecture that it can be extended to consider nondetermin-
istic Turing machines, as well as multi-tape Turing machines, to obtain efficient
simulations both in terms of time and space also in these cases. It would also be
interesting to consider if such an efficient simulation can be performed for other
different computational models.
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Summary. This article introduces a new derivation mode for P systems that permits to
make a look-ahead on the next configuration and check for some forbidding conditions on
it. The interesting point is that the software implementation of this mode needs very small
modifications to the standard algorithm of rule assignment for maximally parallelism.
As benefits of this mode some non-deterministic proofs become deterministic. As an
example we present a generalized communicating P system that accepts 2" in n steps in
a deterministic way. Another example shows that in the deterministic case this mode is
more powerful than the maximally parallel derivation mode. Finally, this mode gives a
natural way to define P systems that may accept or reject a computation.

1 Introduction

P systems are defined as non-deterministic computational devices. However, for
implementation reasons, it is better to limit the inherent non-determinism to a
smaller degree and eventually have a deterministic evolution. One of such ap-
proaches is based on an examination of the next configuration(s) and cutting off
non-deterministic computational branches that have some pre-defined properties.
The notion of k-determinism [7, 2] is closely related to such optimizations. For
a system having the k-determinism property one can examine all possible future
configurations for at most k steps and find a single evolution that is not forbidden.
This gives an efficient procedure of the construction of the next configuration.
However, it is not an easy task to prove that a P system has this property.

A derivation mode lies in the heart of the semantics of P systems as it permits to
specify which multiset among different possible applicable multisets of rules can be
applied. When P systems were introduced, only the maximally parallel derivation
mode was considered which states that corresponding multisets should be maximal,
i.e. non-extensible. With the apparition of the minimal parallel derivation mode [3]
the concept of the derivation mode had to be precisely defined and [5] presents a
framework that permits to easily define different derivation modes.
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This article tries to express the notion of one-step look-ahead in terms of a
derivation mode which gives a way to implement P systems in a more efficient
way. The look-ahead is a forbidding condition formalized by a set of forbidden
rules that should not be applicable after a maximally parallel multiset of normal
(non-forbidding) rules was chosen. Such a formalization needs a small overhead
and can be easily incorporated and efficiently implemented in already existing
software simulators for P systems. In more general way, the look-ahead derivation
can be considered as a further evolution of the notion of k-determinism (more
precisely of 1-determinism), but without restricting to a deterministic evolution.

The look-ahead mode can give advantages in terms of deterministic evolu-
tion of the system and we show an example that demonstrates that the evolution
in the look-ahead mode introduces more power into the system. Moreover, it is
known that a deterministic evolution usually sequentializes the computation and
it needs more steps. With the look-ahead derivation mode we show that deter-
ministic computations can be efficient by giving an example of a P system with
minimal interaction that can recognize 2" in n steps. An interesting side effect of
the definition permits to define computations that are accepted or rejected without
introducing additional symbols.

2 Definitions

We do not present here standard definitions. We refer to [10] for all details.

We also assume that the reader is familiar with standard notions of P systems,
which can be consulted in the book [8] or at the web page [9]. We shall only
focus on the semantics of the evolution step. We will follow the approach given
in [5], however we will not enter into deep details concerning the notation and the
definition of derivation modes given there. Consider a P system II of any type
evolving in any derivation mode. The key point of the semantics of P systems
is that according to the type of the system and the derivation mode § for any
configuration of the system C' a set of multisets of applicable rules, denoted by
Appl(II,C,0), is computed. After that, one of the elements from this set is chosen
non-deterministically for the further evolution of the system. In order to define
the look-ahead derivation mode we suppose that the set of rules of II, denoted
by R, is composed from two parts: normal rules Ry and forbidden rules Ry, i.e.
R = Ry URy. Then we define Appl(II,C, LAJ) as follows:

Appl(IT,C,LAS) = {R' | R' € Appl(I11,C,6) and R' N Ry = (0}.

This means that only those multisets of rules which do not contain any rule
from the forbidden set Ry can be considered for further evolution of the system.
The set Ry can be replaced by other checking conditions, we shall discuss them in
Section 4. By convention, we shall skip ¢ if it is the maximally parallel derivation
mode (§ = maz) and call the obtained mode simply look-ahead derivation mode
or LA mode.
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We remak that the look-ahead derivation can be considered for any derivation
mode, however in this article we shall consider only look-ahead derivation for the
maximally parallel derivation mode, which is the most commonly used.

Let us consider the particularities of the look-ahead derivation mode. In fact,
the rule set R gives conditions that shall not be satisfied by the current configura-
tion with the condition that a particular multiset of rules from Appl(II,C,§) will
be applied. This differentiates the look-ahead derivation mode from permitting or
forbidding conditions which are checked before the assignment of objects to rules
is done (in order to see if the rule is applicable), while the conditions in LA mode
are checked after all assignments of objects to rules are done. This gives a greater
flexibility as such a procedure permits to evaluate next possible configurations and
to cut off some of them according to Ry. In such a way the non-determinism of
the system may be significantly decreased.

We remark that the overhead introduced by such a procedure is minimal and we
discuss in Section 4 possible implementations of the look-ahead derivation mode.

Another interesting point is that it is possible that all multisets from the set
Appl(I1,C, §) contain rules from R;. In this case, Appl(II,C, LA§) will be empty,
hence a halting configuration is reached. It is possible to differentiate this halting
case from the case when Appl(II,C,J) is also empty and naturally introduce re-
jecting and accepting computations. This is particulary interesting for decision P
systems, because it gives a natural way to obtain an answer yes or no without the
need for additional symbols.

3 Examples

In this section we give two examples that show the interest of the look-ahead
derivation mode. The first example presents a deterministic recognition of 2™ in n
steps using minimal symport/antiport and conditional uniport, while the second
example shows how the initial number of symbols can be increased by minimal
symport/antiport P systems in a deterministic way.

3.1 Deterministic recognition of 2™

In this subsection we consider P systems with minimal interaction which are a
restricted variant of generalized communicating P systems [12]. We recall that the
later systems are a purely communicating model defined on a graph and having
rules of form (A,i)(B,k) — (A,7)(B,m), where A and B are two multisets of
objects and i, j, k,m are labels of membranes (cells). This rule permits to move
multisets A and B from cells ¢ and & to cells j and m synchronously. We remark
that symport, antiport and conditional uniport [11] rules are a particular case of
these general communication rules.

The minimal interaction rules are obtained from the generalized communication
rule by restricting multisets A and B to one symbol each. Minimal symport and
minimal antiport rules are a particular case of minimal interaction rules.
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Consider the following system IT = (O
the environment) where O = {A, B, Z},
R = Ry U Ry is defined as follows.

Ry ={1:(4,1)(A,1) — (4,2)(A, 1), 2: (A4,1)(B,2) — (A,2)(B,1)} and

Ry ={3:(A,1)(Z,2) — (A,0)(Z,2)}.

We remark that the first rule is a conditional uniport rule that sends a copy of
A from cell 1 to cell 2, providing that another A remains in cell 1. The second rule
is an antiport rule exchanging A and B in cell 1 and 2. The third rule is in fact an
uniport rule of A to the environment, but because of the definition an interaction
of two symbols is required, hence a dummy symbol Z is present in cell 2.

Consider now the evolution of the system. Let Cy be the initial configuration. If
k is even then all three rules are applicable. Hence, Appl(I1, Cy, max) contains two
multisets of applicable rules: {1¥/2} and {1%¥/2-1,2, 3}. By the definition of the LA
mode, the second multiset is eliminated and only the first possibility remains. It is
clear that a similar reasoning applies to all configurations C' having an even number
of symbols A in cell 1 and a symbol B in cell 2. If & is odd, then Appl(I1, Cy, max)
contains following multisets of rules: {1*=1/2 2} and {1%*=1)/2 3}, By the defini-
tion of LA mode the second possibility is eliminated and only the first one remains.
The same holds for all configurations having an odd number of A in cell 1 and a
copy of symbol B in cell 2.

Now consider the first application of rule 2. It might happen only when the
number of symbols A in cell 1 is odd. In all consequent configurations symbol B is
present in cell 1. Consider a further configuration having m symbols A in the first
cell. If m is even, then again two multisets of rules are applicable in maz mode:
{1™/2} and {1"™/?71 3} and only the first one remains in the LA mode. If m is
odd, then there is only one applicable multiset in max mode: {1(7”_1)/2, 3} and
there are no applicable rules in LA mode.

The recognition of 2™ is done as follows. It is known that if a number k& = 2"
is divided by 2 in a cycle, then at each step the quotient is always even, except at
the end when it becomes 1. For a number k # 2", a similar process yields an odd
number ¢ > 2. Repeating this procedure for ¢t —1 yields another odd number ¢ > 1.
Rule 1 permits to divide the number of A’s in cell 1 by two at each step. Rule 2
permits to decrement once the number of A’s in cell 1. Hence, if initially k = 27,
then at each step an even number of A’s will be present in cell 2, except the last
one where the rule 2 will be applied. Otherwise, when an odd number ¢ > 2 of
symbols A will be present in cell 1, both rules 1 and 2 will be applied. Further,
an odd number of symbols A will appear in cell 1 and the computation will stop.
In the first case we obtain an accepting computation, while in the second one the
computation is rejecting. We remark that the acceptance of a computation may
be done in other ways as it is shown in Section 4.

, E,wy,ws, R), having 2 cells (0 denotes
E =0, w; = {AF}, wy = {B,Z} and

3.2 Deterministic minimal symport/antiport on a tree structure

In this subsection we consider P systems (having a tree structure) with minimal
symport and antiport rules. An antiport rule is denoted as (u,in; v, out) and per-
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mits to exchange the multiset of objects v present in the membrane ¢ where this
rule is located with the multiset of objects u present in the parent membrane of
i. A symport rule, denoted as (u,in) or (v,out), permits to send a multiset v to
the parent membrane or the multiset u to one of inner membranes. In the case of
minimal antiport, respectively symport, the size of the multisets u and v is equal
to one, respectively two.

We start by the following remark.

Remark 1 For any deterministic P system with minimal symport/antiport rules
working in mazximally parallel derivation mode, the number of objects initially
present inside the system, i.e. not in the environment, cannot be increased.

The proof of the above assertion may be done in a similar way as it was done for
the case of one membrane in [1] and [6]. The main argument used in those articles
remains valid: if the number of objects is increasing, then any rule that permits to
bring an additional symbol from the environment will be used an arbitrary number
of times because of the minimality of rules and determinism.

However, the situation changes if the look-ahead derivation mode is permitted.
Then the following construction permits to bring one symbol from the environ-
ment, deterministically.

Let IT = ({p, A}, {A}, [1[2)2)1, {p}, 0, R1, R2 U R}) be a P system with minimal
symport rules having two membranes (the first membrane contains initially symbol
p while the second one is empty). We define the sets of rules Ry and Ry as follows
(by the superscript f we denote the forbidding set of rules).

Ry ={1:(p,out); 2: (pA,in)},

Ry ={3:(pA,in)} and R} = {4: (A, in)}.

The system works as follows. Firstly the symbol p is sent to the environment by
rule 1 and after that it brings a copy of symbol A by rule 2. Now, in the maximally
parallel derivation mode there are two applicable multisets of rules: {3} and {1, 4}.
In LA mode the second multiset is eliminated, hence only rule 3 can be applied.
In such a way, the number of symbols (A) is increased, deterministically.

Since the number of objects can be varied, we conjecture that a deterministic
register machine can be simulated, i.e. we conjecture that deterministic P systems
with minimal symport/antiport working in LA mode can recognize any recursively
enumerable set of numbers.

4 Implementation ideas

In this section we discuss some ideas about the practical implementation of the
look-ahead maximally parallel derivation mode. We consider the classical imple-
mentation of the maximally parallel derivation mode which orders rules and ap-
plies the rules maximal number of times according to the order and after that uses
backtracking to decrease the number of applications of rules of a higher order and
increase the number of applications of rules of a lower order. In this setup it is
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enough to place rules from Ry after the rules from Ry and to use an additional
condition that if a rule from Ry is chosen then the current multiset should be dis-
carded and a new backtracking round should begin. Hence, only the last condition
shall be additionally implemented, which is not so difficult.

Another possibility is to replace rules from R; by an union of finite sets that
check the presence of the symbols from the left-hand side of rules from R¢. In this
case it is enough to check that these sets are not present in the configuration after
all rules are chosen, supposing that the choice of rules marks or blocks in some
way used symbols. We recall that the difference between this check and ordinary
permitting/forbidding checks is that it should be done after an assignment of
object to rules is done.

The rejecting condition may be replaced by an emptiness check of a particular
cell, or, in a more general setup, by checking for some finite state conditions like
it is done for P automata (see [4] for an overview).

5 Final remarks

In this paper we introduced a new derivation mode for P systems: the look-ahead
mode. In some sense, this mode is an extension of the maximally parallel derivation
mode and all results formulated for the latter one are true for the look-ahead
mode. We also think that in the non-deterministic case both modes have same
computational properties. In a lot of cases forbidden rules can be replaced by
trapping rules that will move corresponding symbols to a trap membrane or will
transform them to trapping symbols and the computation will never stop. However,
in the deterministic case the behavior of two modes is very different, as it is shown
in Subsection 3.2.

We would like to mention some differences between the look-ahead mode and
the concept of k-determinism introduced in [7]. The notion of k-determinism is a
property of a P system that permits to examine all possible future configurations
for at most & steps and find a single evolution that is not forbidden. This property
cannot be easily checked for a P system. The look-ahead derivation mode is not
a property but a procedure that permits to possibly limit the non-determinism of
the system.

As further research topics we would mention the extension of the look-ahead
for k steps ahead. However, it is not clear if the gain in power is justified as
the computational overhead needed to compute further k configurations is quite
big. Another interesting problem would be the study of the efficiency of the new
mode. We think that a lot of existing proofs can be simplified using the look-ahead
and, moreover, efficient deterministic or almost deterministic solutions for different
computational problems may be constructed. In particular, it would be interesting
to give a deterministic simulation of a register machine by deterministic minimal
symport/antiport P systems.

Instead of forbidden rules one may consider sets or even multisets of rules that
cannot be applied together. This is a generalization of the concept of forbidden
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rules, because set Ry corresponds to set of pairs {(r,r’') | r € Ry,7’ € Rs}. This
permits a finer control of rules, in some sense similar to programmed grammars,
and it can be implemented quite easily.
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Summary. A variant of spiking neural P systems is introduced, with (positive or nega-
tive) weights on synapses and with the restriction that the rules of a neuron fires when
the potential of that neuron equals a given threshold. The involved numbers — weights,
thresholds, potential consumed by each rule — can be real (computable) numbers, ratio-
nal, integer, natural numbers. The power of the obtained systems is investigated. For
instance, it is shown that integer numbers (very restricted: 1, —1 for weights, 1 and 2 for
thresholds and for writing the rules) suffice in order to compute all Turing computable
sets of numbers, both in the generative and the accepting modes. Using only natural
numbers we characterize the family of semilinear sets of numbers. Some open problems
and suggestions for further research are formulated.

1 Introduction

Spiking neural P systems (SN P systems, for short) were introduced in [5] in the
aim of defining computing models based on ideas specific to spiking neurons, cur-
rently much investigated in neural computing (see, e.g., [4], [7], [8]). The resulting
models are a variant of tissue-like and neural-like P systems from membrane com-
puting — we refer to [10] for basic information in this research area, to [11] for a

* Corresponding author



Spiking neural P systems with weights and thresholds 515

comprehensive presentation, and to the web site [13] for the up-to-date informa-
tion.

In short, an SN P system consists of a set of neurons placed in the nodes of a
directed graph and sending signals (spikes, denoted in what follows by the symbol
a) along synapses (arcs of the graph). Thus, the architecture is that of a tissue-like
P system, with only one kind of objects present in the cells. The objects evolve by
means of spiking rules, which are of the form F/a® — a;d, where E is a regular
expression over {a} and c¢,d are natural numbers, ¢ > 1,d > 0. The meaning is
that a neuron containing k spikes such that a* € L(E),k > ¢, can consume c
spikes and produce one spike, after a delay of d steps. This spike is sent to all
neurons to which a synapse exists outgoing from the neuron where the rule was
applied. There also are forgetting rules, of the form a® — A, with the meaning that
s > 1 spikes are forgotten, provided that the neuron contains exactly s spikes.
The system works in a synchronized manner, i.e., in each time unit, the rule to be
applied is non-deterministically chosen, each neuron which can use a rule should
do it, but the work of the system is sequential in each neuron: only (at most)
one rule is used in each neuron. One of the neurons is considered to be the output
neuron, and its spikes are also sent to the environment. The moments of time when
a spike is emitted by the output neuron are marked with 1, the other moments
are marked with 0. This binary sequence is called the spike train of the system —
it might be infinite if the computation does not stop. The result of a computation
is encoded in the distance between consecutive spikes sent into the environment
by the (output neuron of the) system.

In SN P systems, the applicability of each rule is determined by checking the
content of the neuron against a regular set associated with the rule. There is a
considerable computational power hidden into the implicit mechanism that SN P
systems use to decide whether a given rule can be applied or not. For instance, in
[6] it is proved that deciding whether a rule can be applied is at least NP-complete.

In this paper, a variant of SN P systems is presented, aiming to decide in an
easy way the applicability of rules. To this aim, we do not count spikes, as in usual
SN P systems, but we consider that each neuron contains a potential, which, in
the general case, can be expressed by a real number (to avoid any complication,
in what follows we always use computable real numbers). Each neuron fires when
its potential is equal to a given threshold; at that time, part of the potential is
consumed and a unit potential is produced (a spike). This unit potential passes
to neighboring neurons multiplied with the weights of synapses. The weights can
also be real numbers, hence both positive and negative. In this way, we can define
computations and the result of computations as usual in SN P systems (the result is
associated with the spike train of the computation — here we consider the distance
between the first two spikes which leave the output neuron; SN P systems working
in the accepting mode are also considered).

An important convention is assumed: when the potential of a neuron is higher
than its firing threshold, then the potential remains unchanged (can be changed
— increased or decreased — by adding new amounts coming from other neurons,
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amounts which can be positive or negative, depending on synapses weights), but
when the potential of a neuron is smaller than the firing threshold, then this
potential vanishes, the potential of the neuron is set to zero. These assumptions
are essentially used in the proofs below, but we do not know what happens when,
for instance, potentials smaller than the firing thresholds remain unchanged instead
of being removed.

As we will see, SN P systems with integer values for weights and potentials are
computationally universal, and the proofs are rather simple (and they use very
small numbers, only 1, —1 as weights, and 1, 2 for writing the rules).

Besides the above computer science motivation, considering SN P systems with
weights and firing thresholds has also a biological motivation. Like most other cells
in the body, the plasma membrane of excitable cells exhibits a membrane potential
(an electrical voltage difference across the membrane), called resting membrane
potential, and its typical value is —70 mV. Moreover, each neuron has its own
threshold potential which is the membrane potential to which a membrane must be
depolarized to initiate an action potential. If the membrane potential of a neuron
equals its threshold potential, then the neuron will fire, sending out an action
potential (signal), and its membrane potential will return to the resting membrane
potential. If the membrane potential is smaller than the threshold potential, then
no signal is emitted and the membrane potential will also return to the resting
membrane potential. For more details see [4] and [8].

Let us note that SN P systems with synapses which transmit negative amounts
of spikes to the destination neurons were investigated, e.g., in [1], [2], where also
further biological motivations can be found.

In what follows, the reader is assumed to have some familiarity with (basic
elements of) language theory, e.g., from [12], as well as basic membrane computing
[10] (for more updated information about membrane computing, please refer to
[13]). We here mention that by N,Z,Q, R, we denote the sets of natural, integer,
rational, and computable real numbers, respectively, while SLIN, NRFE denote the
families of semilinear and of Turing computable sets of numbers. (Note that SLIN
is the family of length sets of regular languages and N RFE is the family of length
sets of recursively enumerable languages.)

Convention: when evaluating or comparing the power of two number gener-
ating/accepting devices, number zero is ignored.

2 Spiking Neural P Systems with Weights and Firing
Thresholds

We introduce directly the type of spiking neural P systems which we investigate
in this paper; the reader is assumed familiar with the basic elements of “classic”
SN P systems.

An SN P system with weights and thresholds (from now on we will deal only
with such systems, hence sometimes we say shortly SN P systems; when necessary
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to stress the new type of systems, we will write WTSN P systems), of degree
m > 1, is a construct of the form

I = (o1,...,0m,syn,in,out), where:

1. o1,...,0m are neurons, of the form o; = (p;, R;),1 < i < m, where:
a) p; € R, is the initial potential in neuron o;;
b) R, is a finite set of spiking rules of the from T;/d; — 1, j = 1,2,...,n,
for some n; > 1, where T; € R., T; > 1, is the firing threshold potential of
neuron o;, and d; € R, with the restriction 0 < d; < Tj;

2. syn C{1,2,...,m} x{1,2,...,m} x R, are synapses between neurons, where
i # j, r# 0 for each (i,4,7) € syn;
3. in,out € {1,2,...,m} indicate the input and output neurons, respectively.

The spiking rules are applied as follows. Assume that at a given moment,
neuron o; has the potential equal to p. If p = T, then any rule T; /d; — 1 € R; can
be applied. The execution of this rule consumes an amount of d; of the potential
(thus leaving the potential T; — d;) and prepares one unit potential (we also say
a spike) to be delivered to all the neurons ¢; such that (¢, j,7) € syn. Specifically,
each of these neurons o; receives a quantity of potential equal to r, which is added
to the existing potential in o;. Note that r can be positive or negative, hence the
potential of the receiving neuron is increased or decreased. The potential emitted
by a neuron o; passes immediately to all neurons o; such that (4, j,7) € syn, that
is, the transition of potential takes no time. If a neuron o; spikes and it has no
outgoing synapse, then the potential emitted by neuron o; is lost.

We stress that (1) each neuron o; has only one fixed threshold potential T;; (2) if
a neuron has the potential equal to its threshold potential, then all rules associated
with this neuron are enabled, and only one of them is non-deterministically chosen
to be applied; (3) when a neuron spikes, there is always only one unit potential
emitted.

If neuron o; has the potential p such that p < T;, then the neuron o; returns
to the resting potential 0. If neuron o; has the potential p such that p > T}, then
the potential p keeps unchanged.

Summing up, if neuron o; has potential p and receives potential k at step t,
then at step ¢ + 1 it has the potential p’, where:

k, if p < Ty
p' =< p—d;+k,if p=T; and rule T;/d; — 1 is applied;
p+k, ifp>T,.

As usual in membrane computing, a global clock is assumed, marking the time
for the whole system, hence the functioning of the system is synchronized. Each
neuron uses at most one rule in each step, non-deterministically chosen among its
rules, provided that its potential equals the firing threshold, but all neurons which
can use a rule must do it.
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The configuration of the system is described by the distribution of potentials
in neurons. The initial configuration of the system is the tuple (p1,...,pm). Us-
ing the rules as suggested above, we can define transitions among configurations.
Any sequence of transitions starting from the initial configuration is called a com-
putation. A computation halts if it reaches a configuration where no rule can be
used. With any computation, halting or not, we associate a spike train, the binary
sequence with occurrences of 1 indicating time instances when the output neuron
sends one unit potential (a spike) out of the system (we also say that the system
itself spikes at that time).

The result of a computation can be defined in several ways. In this paper, with
any spike train containing at least two spikes, the first two being emitted at step
t1,t2, one associates a result, in the form of the number t; — t1; we say that this
number is computed by II. The set of all numbers computed in this way by IT
is denoted by No(IT) (the subscript indicates that we only consider the distance
between the first two spikes of any computation; note that 0 cannot be computed,
that is why we disregard this number when investigating the computing power of
any device).

SN P systems can also work in the accepting mode: we start the computation
from the initial configuration, and we introduce in the input neuron two spikes, in
steps ¢ and to (hence we introduce in o, one unit of potential in each step t; and
t2); the number ¢ — t1 is accepted by the system if the computation eventually
halts. We denote by Ng..(II) the set of numbers accepted by IT.

In the generative case, the neuron with label in is ignored; in the accepting
mode, the neuron with label out is ignored (sometimes below, we identify the
neuron o; with its label i, so we say “neuron ¢’ understanding that we speak
about “neuron c;”).

We denote by N,WTxSNP,, the families of all sets N,(IT), a € {2, acc},
computed by WTSN P systems with at most m > 1 neurons, using weights,
thresholds, and amounts of consumed potentials in the rules taken from the set X,
for X € {N,Z,Q,R_.}. When the number of neurons is not bounded, the subscript
m is replaced with .

Usually, in the SN P systems area one takes into account several other param-
eters describing the size of the used systems, such as the maximal number of rules
in a neuron, the maximal number of spikes consumed by a rule, etc. Here we can
also consider the maximal firing threshold, the maximal positive weight and the
minimal negative weight of a synapse, etc. However, as we will see in the following
sections, these parameters will have very small values in all results we obtain, so
we prefer to simplify the notation and ignore these parameters.

3 One Example

In the next sections we will give several explicit constructions of SN P systems with
weights and thresholds, always with integer numbers for describing the potentials



Spiking neural P systems with weights and thresholds 519

and the rules, that is why we discuss here only one example, where rational non-
integer numbers are used.

As usual in this area, the systems are represented graphically, which may be
easier to understand than in a symbolic way. We use an oval with the initial
potential and spiking rules inside to represent a neuron, and arrows between these
ovals to represent the synapses; numbers will mark these arrows, indicating the
weights. The input neuron has an incoming arrow and the output neuron has an
outgoing arrow, suggesting their communication with the environment. When the
weight on a synapse is one, we omit writing it.

Consider the SN P system II as shown in Figure 1, which consists of three
neurons.

3
15/15-1
15/1-1

1/1-1

Fig. 1. Example of a WTSN P system IT

At step 1, only output neuron o,,; spikes, while the other two neurons o1, o9
maintain their potentials, because their potentials are greater than their corre-
sponding firing thresholds. Neurons o; and s receive potentials —1.5 and —1,
respectively, from neuron o,,;. At step 2, neurons o, and oy have potentials 1.5
and 1, respectively, which equal their corresponding firing thresholds, hence both
neurons oy and oy spike.

When neuron o, spikes, it consumes one unit of potential and, at the same
time, it receives one unit of potential from neuron oy, hence at next step it still
has potential 1, and spikes again. Neuron oy has two rules, 1.5/1.5 — 1 and
1.5/1 — 1, and one of them is non-deterministically chosen. If rule 1.5/1.5 — 1 is
applied, then with consuming potential 1.5 and receiving potential 1.5 from neuron
02, the potential of neuron o is still 1.5, hence it will spike again. In this way,
neurons o7 and oy can spike as long as rule 1.5/1.5 — 1 is chosen to be applied.
During this process, at each step, neuron o,,; receives potential —0.5 from o7 and
potential 0.5 from o5, which means that neuron o,,; has potential 0 and does not
spike.

If at step ¢ > 2, rule 1.5/1 — 1 is chosen to be applied, then at step t + 1,
neuron o; has the potential 1.5 — 1+ 1.5 = 2, which is greater than its threshold
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and it will not spike. At step ¢ + 1, neuron o9 has potential 1 and spikes; neuron
Oout Teceives potential 1 from neuron oo at step ¢ + 1 and spikes at step t + 2.
At step t + 2, neuron o7 receives potential —1.5 from neuron o,,;, its potential
changes to 2 — 1.5 = 0.5, which is less than its threshold potential 1.5 and the
neuron returns to resting potential 0 at step ¢+ 3. At step t+ 2, neuron oy receives
potential —1 from neuron oy, its potential changes to 0 — 1 = —1, which is less
than its threshold potential 1 and returns to resting potential 0 at step t + 3. So,
the system halts after step ¢ + 3.

The number generated is (¢t +2) + 1 = t + 3, where ¢t > 2, and the value of
t depends on the non-deterministic choice of rules 1.5/1.5 — 1 or 1.5/1 — 1 in
neuron oq. Thus, No(IT) = N — {1,2} (recall that the number 0 is ignored when
investigating the computational power of devices).

4 Preliminary Results

Let us start by noting some immediate relations, following from the definitions:

Lemma 1. (i) NaWTkSNP,, € NaWTzSN Py, € NaW TSNPy, C
N WTg,SNP,, C NRE, for all « € {2,acc} and m > 1 or m = .

(ii) NoWTxSN Py, C NaWTxSNPy C NaWTxSNP,, for all a € {2, acc},
m' >m>1, and X € {N,Z,Q,R_}.

All relations are obvious, with the inclusion N,W1r,SNP,, C NRE being a
consequence of the fact that we use only computable real numbers and of Turing-
Church thesis.

For a given WTSN P system IT = (o1,...,0m,Syn,in,out) and a constant
k € R, let us denote by kII the system obtained by multiplying by & all weights
and potentials from II (if a rule of IT is of the form T;/d; — 1, then in kIT we
use the rule kT;/kd; — 1; a synapse (i, j,r) will become (i, 7, kr) in kII, hence
transporting a potential equal to kr when neuron o; produces one spike).

Lemma 2. For any WTSN P system II and constant k € R., with kIl constructed
as above, we have No(II) = Ny (KII), for all a € {2, acc}.

The assertion directly follows from the way kIl is defined, and has the next
interesting consequence:

Corollary 1. N\WTzSNP,, = N\2WTgSNP,, for all « € {2,acc} and m > 1 or

m = x.

One inclusion is pointed out in Lemma 1, the opposite one follows from Lemma
2: take an arbitrary WT SN P systems with all constants in Q, let k be the
least common multiple of all denominators of rational numbers in II (weights
and potentials), and consider kIT. This has all used numbers integers and it is
equivalent with IT.



Spiking neural P systems with weights and thresholds 521
5 Universality of WTSN P Systems with Integer Numbers

Expected enough, we obtain universality both in the generative and the accepting
case. However, these results cannot be obtained as particular cases of universality
results known for usual SN P systems: the weights and thresholds bring additional
possibilities to “program” the computation of an SN P system, but instead we
are very much restricted by the fact that all the rules of a neuron are enabled
at the same time, when the firing threshold is reached; this corresponds to usual
SN P systems with a finite number of spikes in each neuron (and only one regular
expression — identifying a singleton!), and such systems are known to only compute
semilinear sets of numbers.

5.1 The Generative Case

Consider first the case of sets Ny(II); we have the following result:
Theorem 1. NoW1;,SNP, = NRE.

Proof. We only have to prove the inclusion NRE C NoWTySNP,, and to this
aim we use the characterization of NRE by means of register machines used in
the generating mode.

Let us consider a register machine M = (m, H,ly,ln,I) (number of registers,
set of labels, initial label, halt label, set of instructions) which is assumed that in
the halting configuration has all registers different from the first one empty, and
that output register is never decremented during the computation. We construct
a WTSN P system IT to simulate M as follows. We construct modules ADD and
SUB to simulate the instructions of M, as well as an output module FIN which
provides the result (in the form of a suitable spike train). Each register r of M
will have a neuron o, in II, and if the register contains the number n, then the
associated neuron will have the potential 2n 4+ 2. A neuron oy, is associated with
each label [; € H, and some auxiliary neurons o,;, j = 1,2,3,..., will also be

considered, thus precisely identified by label I; (femember that each I; € H is
associated with a unique instruction of M).

The modules will be given in a graphical form. In the initial configuration, all
neurons have the potential 0, except that the neuron associated with label [ of
M has potential 1 and the neurons associated with the registers have potential 2.
In general, when a neuron o;,, where l; € H, has potential 1, then that neuron
becomes active and the module associated with the respective instruction of M
starts to work, simulating the instruction.

Module ADD - simulating an ADD instruction {; : (ADD(r), 1}, lx).

Module ADD, shown in Figure 2, is composed of eight neurons: neuron o,
for register r, neurons o0y,,0y;, 0, for instructions with labels ;,1;, 1, and four
auxiliary neurons.

The initial instruction of M, the one with label Iy, is an ADD instruction. Let
us assume that at step ¢ we have to simulate an instruction /; : (ADD(r),l;, k),
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| _[1/1—> 1} {1/1—> 1] |
J k

Fig. 2. Module ADD (simulating I; : (ADD(r),l;, 1))

with neuron o, having potential 1 and other neurons having resting potential 0,
except those neurons associated with registers. Having potential 1, neuron oy, fires
by rule 1/1 — 1. Simultaneously, neurons o IOEION and o, receive potentials 1,
2, 2, respectively. In this way, the potentlal ‘of neuron o, increased by two, thus
sunulatlng the increase of the number stored in register r by one.

At the next step, the computation of M passes non-deterministically to one
of the instructions with labels [; and [i; that is, we have to ensure the firing of
neurons oy, or oy, in system II, non-deterministically choosing one of them. To
this aim, we use the non-deterministic choice of rules 2/2 — 1 and 2/1 — 1 in
0,2 Because neuron o, has potential 2 (received from neuron oy, at the last
stép), it has to choose noln-deterministically one of these rules. We have two cases.

(1) If rule 2/2 — 1 is applied at step ¢+ 1, then neuron 0,2y consumes its potential
for spiking. With receiving potential 1 from neuron o, at step ¢ + 1, neuron o,

has potential 1 at step ¢ + 2, which is less than its threshold potential, hence the
neuron returns to the resting potential 0. At step ¢+1, neuron oy, receives potential
—1 from neuron o,(2), which is less than its firing threshold and it returns to the

resting potential 0 ‘at step t + 2. At step ¢t + 1, neuron oy receives potential —1
from neuron 0’l(1) and potential 1 from neuron ol<2>, hence its potential is still 0.
At step t + 1, neuron O'l(g) receives potential 2 from neurons al(1> and O’l(z) and
at step t + 2 it spikes by rule 2/2 — 1. Receiving potential 1 from neuron oY@,
neuron o;; becomes active, starting to simulate the instruction [; of M.

(2) If rule 2/1 — 1 is applied at step ¢ + 1, then neuron o) consumes one unit

of its potential for spiking. With receiving potential 1 from neuron o, at step



Spiking neural P systems with weights and thresholds 523

t+1, neuron 0@ still has potential 2 at step ¢+ 2, and spikes again. At step t+ 1,
1) which is less than its threshold

potential and returns to the resting potential 0 at step t + 2. At step t + 2, neuron
gl receives potential —1 from neuron Jl(z) and potential 1 from neuron Jl(s), SO

neuron oy, receives potential —1 from neuron o

its potential is zero. At step ¢t + 1, neuron o 1) receives potential —1 from neuron
o 1) and potential 1 from neuron O'Z(z), SO 1ts potential remains 0. At step t + 2,
neuron oy receives one unit of potentlal from neuron o 1 and it spikes at step
t+ 3. Recelvmg potential 1 from neuron O’l(4) at step t —|— 3, neuron o;, becomes
active, starting to simulate the instruction lk of M.

Therefore, from firing neuron oy,, we pass to firing non-deterministically one of
neurons oy,, 0y, , which correctly simulates the ADD instruction I; : (ADD(r), [, I1.).

Module SUB - simulating a SUB instruction I; : (SUB(r),;,lx)

Module SUB, shown in Figure 3, is composed of seven neurons: neuron o,
for register r, neurons oy,, 0,0y, for instructions with labels I;,1;,;, and three
auxiliary neurons 0151) , O'lgz) , 0153) .

1/1-1 1/1-1

Fig. 3. Module SUB (simulating instruction I; : (SUB(r), l;, lx)

Instruction [; is simulated in IT in the following way. Initially, neuron o;, has
potential 1, and other neurons have potential 0, except neurons associated with
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registers. Let ¢ be the moment when neuron oy, fires. At step ¢, neurons o,m and o,
receive potentials 1 and —1, respectively. At step ¢+ 1, neurons o s ﬁresl neurons

l<2) and al(3> receive potential 1 from neuron O’l(1) For neuron O'T7 there are the
followmg two cases.

(1) The potential of neuron o, is 2 at step ¢ (that is, the number stored in register
r is 0). Then, at step ¢+ 1, neuron o, has potential 1 (it has received potential —1
from neuron oy, at the previous step), and it spikes by rule 1/1 — 1. At step ¢t +1,
neuron o, receives potential —1 from neuron o, and potential 1 from neuron

o,m, 80 it has potential 0. At step t+ 1, neuron o, receives potential 2 (one unit
of potential from neuron o,, another one from neuron algl)), and it spikes at step
t+2. Receiving potential 1 from neuron o, , neuron oy, becomes active, and start

to simulate the instruction [, of M. Note that at step t + 2, neuron o, receives
potential 2 from neuron oY), and in this way, it correctly ends with potential 2,

which corresponds to the fact that the number stored in register r is 0.

(2) The potential of neuron o, is 2n + 2 (n > 0) at step ¢. Then, at step t + 1,
neuron o, has potential 2n + 1, which is greater than its threshold, and will keep
unchanged. At step t+ 1, neuron o, receives potential 1 from neuron o), which
is less than its threshold potential, ‘hence it will not spike and have potehtial 0 at
step t + 2. At step ¢t + 1, neuron 0@ receives potential 1 from neuron oy, and

it spikes at step t 4+ 2. Receiving potentlal —1 from neuron oy at step t + 2, the
potential of neuron o, changes to 2n, and in this way, it simulates that the number
stored in register 7 is decreased by one. Receiving potential 1 from neuron o,¢) at

step ¢ + 2, neuron 0;, becomes active, and starts to simulate the instructionllj of
M.

The simulation of SUB instruction is correct, we started from o;, and ended in
oy, (if the register 7 is not empty and decreased by one), or in o7, (if the register
is empty).

Note that there is no interference between neurons used in the ADD and the
SUB modules, other than correctly firing the neurons o;; or o, which may label
instructions of the other kind. However, it is possible to have interference between
neurons in two SUB modules. Specifically, if there are several SUB instructions I;
which act on register r, then neurons oy and o)®) receive potentials —1 and 1

from neuron o, respectively, while snnulatlng the instruction l; : (SUB(1), 1, lk)-
After receiving these potentials, neurons 0'l(2) and Ul(a) have potentlals that are

less than their corresponding firing thresholds s0 both of them return to resting
potential 0 at next step. Consequently, the interference among SUB modules will
not cause undesired steps in II.

Module FIN - outputting the result of the computation.

Module FIN is shown in Figure 4. Assume that the computation in M halts,
which means that the halting instruction is reached. This means that neuron oy,
in IT has potential 1 and fires by rule 1/1 — 1. At that moment, neuron o; has
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1/1-1 1/1-1 1

out

|

Fig. 4. Module FIN (outputting the result of computation)

potential 2n + 2, for the number n > 1 stored in register 1 of M. When oy, fires,
each neuron o.,, o.,, 0., receives potential 1; neuron o; receives potential —1,
changing its potential to 2n + 1; suppose that this is step t. At step ¢ + 1, neuron
o, spikes; neuron o, receives potential 1 from neuron neuron o.,, and spikes at
step ¢ + 2 (this is the first spike sent out by system IT).

From step ¢ 4+ 1 on, consuming one unit potential, neurons o., and o., send
potential 1 to each other, and this process continues until they receive potential
—1 from neuron o7. During this process, at each step, neuron o receives potential
—1 from neuron o, and —1 from o.,, which corresponds to decreasing by one the
value of the register 1. At step t + n + 1, neuron o has potential 1 and spikes;
neurons o, and o, has potential 0 after receiving potential —1 from neuron o;.
Receiving potential 1 from o7 at step t +n + 1, neuron o,,; spikes again at step
t4+n+ 2, the system sends the second spike to environment. The interval between
these two spikes sent out by the system is (t+n+2) — (t+2) = n, which is exactly
the number stored in register 1 of M at the moment when the computation of M
halts.

Note that after system I sends out the second spike, all neurons in IT have
potential 0 except that neurons o; (i = 2,3,...,m) have potential 2. For mathe-
matical elegance, we can return the potentials of neurons o; (i = 2,3,...,m) to
0 when the computation of II halts. To this aim, we just need to add synapses
(out,i,—2) (i =2,3,...,m) in system II.

If the number stored in register 1 is 0 when register machine M halts, then
at step t + 1, neuron o,,; has potential 2, which is greater than its threshold
potential 1. In this case, neuron o,,; is blocked, and system IT sends no spike
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to the environment. Furthermore, 0 is ignored when we investigate the power of
devices.

From the above description of the modules and their work, it is clear that the
register machine M is correctly simulated by the system IT. Therefore, No(II) =
N (M) and this completes the proof. O

Let us now examine the weights used in the previous proof. In the ADD module
we have two synapses with weight 2. This value can be avoided, so that the module
only uses weights 1 and —1 in the following way: consider two new neurons, say o,
and o}, intermediate between o;, and its neighboring neurons (specifically, with
synapses (l;,a,1),(l;,b,1), (a,r,1), (b, 7, 1), (a, lgl), 1), (a, 11@)’ 1), (b, 152), 1). Each of
the new neurons holds the rule 1/1 — 1. In this way, both o, and o, get two
potential units, two steps after activating o;,, simultaneously with one potential
unit coming to Ty From now on the work of the module continues as described

above. The same trick can be used in the SUB module in order to remove the
single synapse with weight 2, with the mentioning that now no synchronization
problem appears, hence the synapse is removed and two intermediate neurons are
introduced, similar to o,, 0, above, between 0,3 and o,. Module FIN contains
only synapses with weights 1 and —1. '

Consequently, the universality is obtained with WTSN P systems of a rather
restricted form. This observation deserves to be formulated as a normal form result:

Corollary 2. The universality of WTSN P systems is preserved if we use only (i)
weights 1 and —1 for synapses, (ii) at most two rules per neuron, and (i) all
rules are of one of the following three forms: 1/1 — 1, 2/2 — 1, and 2/1 — 1.

The use of two rules in at least one neuron cannot be avoided, because in
the generative case the system should be non-deterministic, otherwise we generate
nothing or a singleton; non-determinism means choosing between rules, hence we
need at least two in the same neuron.

5.2 The Accepting Case

The number of rules per neuron can be decreased to one in this case, due to the
fact that the ADD instructions of a register machine used in the accepting mode
can be taken deterministic.

The number to be computed is introduced in the system as the distance between
the first two unit potentials which enter the input neuron. This is done by means
of a module INPUT as indicated in Figure 5. After receiving two unit potentials,
if the system halts, then the number is accepted. So, we do not need a module for
outputting the result of computation. For a SUB instruction I; : (SUB(r), l;, i), we
use the same module as in Figure 3. For a deterministic ADD instruction, of the
form I; : (ADD(r),l;), we consider the simple module given in Figure 6. Initially,
all neurons in the system have the potential 0. The way the modules work can be
checked in a similar way as in the proof of Theorem 1.
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Fig. 6. Module ADD in the deterministic case

We conclude with the following counterpart of Theorem 1 (with the mentioning
that also the assertions in Corollary 2 hold true, with point (ii) stating that exactly
one rule per neuron is used; the removing of synapses with weight 2 is done in the
same way as described above):

Theorem 2. N,..W1;,SNP, = NRE.
The previous results can be summarized as follows:

Corollary 3. N\WINSNP,, C N\WI3SNP,, = N\WIgSNP,, =
N WTr.SNP,, = NRE, for all & € {2,acc} and m > 1 or m = x.
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6 Systems with Natural Numbers as Weights and
Thresholds

The only case which has remained unsettled is that when our systems use natural
numbers as weights, thresholds, and potentials. Somewhat surprising at the first
sight, such systems characterize the family of semilinear sets. For the proof of this
assertion we use a series of lemmas.

Lemma 3. Every finite set of natural numbers is in the family NoWTnSN P.

Proof. Let us take a finite set of natural numbers, U = {nj,ng,...,nx}, all of
them different from zero. We construct a WTSN P system as suggested in Figure
7. Specifically, for each number n; we have a “subsystem” composed of neurons
T(iya)s O(i,b)s O(i,e)s O(i,0)> O(3,1)s - - - » O(i,ni+1)> With synapses, rules, and initial poten-
tials as indicated in figure. A synapse exists from neuron o(; ,,+1) to the output
neuron, g,,;. There also exists one further neuron, oy, for which only two synapses
exist, ((1,0),0,1) and (0, out, 1). Figure 7 only shows two generic subsystems, and
the subsystem which helps in generating number n; = 1.

This system works as follows. All neurons behave deterministically, except
(i), for each 1 <4 < k. As long as such a neuron uses its second rule, 2/1 — 1, it
can spike again in the next step: one potential unit remains inside and a further one
is received from o, ), hence the initial amount, equal to the firing threshold, is re-
stored. In turn, as long as o(; ) spikes, the sequence of neurons o; 1), .-, (i n,+1)
continues to work, moving to the right towards o,,:, the neuron which can fire:
a neuron in this sequence must receive two spikes in order to fire, one from the
preceding neuron (initially, o(; o) fires, because it has inside one potential unit),
and one from o(; .. Note that each time unit, o(; . is fed by one potential unit by
0 (i,p), Which works forever in cooperation with o(; o) (they can be stopped, e.g.,
when o, spikes, by sending to them a further spike, but this detail is not impor-
tant for our result — it can be so for other ways of defining the output, if halting
is relevant). If all neurons in the sequence o(; 1y, ...,0( n,+1) Work, then in step
n; + 2 a spike is set to g, and in step n; + 3 a spike is sent to the environment.
Note however that the first spike is sent out of the system in step 3, on the path
0(1,0), 70, Oout- Consequently, the distance between these spikes is (n; +3) —3 = n;.

However, any of these processes of sending a spike towards o,,; along the path
O(@i1)s - -+ O(i,n;+1) can be stopped at any step after the first one, by using the rule
2/2 — 1in neuron 0(i,c): using this rule consumes both potential units of o(; ., only
one unit is received from o; ), which is removed, and o(; ) remains idle. Therefore,
non-deterministically, we can stop all but one sequence o; 1), .., 0 n,+1) of neu-
rons, 1 < ¢ < k, so that the output neuron receives only two spikes, the one in step
3, along the path o(; ), 00,00ut, and the one along the path o 1y,...,0(3n,41)
which remained unblocked. In conclusion, each number in the set {ny,na,...,ng}
can be generated, that is, No(IT) = U, hence FIN C Ny ATNSNP,.

Of course, the number of neurons depends on the sum of numbers in the set
U, but some neurons in the previous construction can be saved (a unique pair
O(i,a)s 0(i,p) can fed up all neurons oy; ), but this aspect is not relevant for us. O
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(1,m141)

0

Fig. 7. A WTSN P system generating a finite set of numbers

Lemma 4. Any arithmetical progression Py = {kn+1|n > 1} withk > 2,1 > 2
is in the family NoWInSN Pi.

Proof. Let us consider the system IT in Figure 8. It generates the set No(IT) =
{2n+2|n > 1}

The output neuron spikes in the first step and then only after receiving a spike
from neuron oy4. In turn, this neuron spikes only after receiving a spike from each
neuron oy and o3 (if we have only one spike in o4, then it is removed). Then,
neuron o can sent a spike to o4 simultaneously with o3 only if it, after receiving
two spikes from oo (note that the synapse (0,2,2) is the only one with weight
2), uses first the rule 2/1 — 1, so that one spike remains inside, making possible
the firing in the next step. If neuron o9 uses the rule 2/2 — 1, then its spike will
re-initiate the work of neuron g, and the spikes from oy (received from o) and,
after one step from oy, are removed. Thus, the output neuron fires for the second
time after a number of passings through the cycle o, 01,00 (which means two
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Fig. 8. A WTSN P system generating an infinite set of numbers

steps), then ending the computation, which needs two further steps. The precise
checking of the functioning of the system in Figure 8 is left to the reader.

Thus, we can generate the arithmetical progression Ps 5. If we want to generate
a progression P ; with k = 2+ 4 and | = 2 + j, then we add ¢ neurons between
o9 and oy, (instead of the synapse (2,0,1)) and j neurons between o4 and ooy,
arranged in a sequence, with the rule 1/1 — 1 in each of them. These neurons
will lengthen the cycle og, 09, ..., 00 with further ¢ steps, and the path from o4 to
Oout With j steps. We denote by II; ; the obtained system. We have No(II; ;) =
{@+in+(2+7)[n>1} = Py O

Lemma 5. If I1,...,II, are WTSN P systems with natural numbers as weights
and potentials, and for each 1 < ¢ < n there is Ty > 1 such that all computations in
II; spike for the first time at the same step T;, then |J;—, No(II;) € NyWTNSNP..

Proof. Let us take separately neurons o1, 09,03, 04,04t from Figure 8, with two
spikes present in o9 and one in o; from the beginning; change also the label of
Oout, for instance, to o5, without having here any spike in the initial configuration.
This system behaves like a “trigger”: it sends or not a spike out of o5, depending
on the non-deterministic behavior of o5.

Consider now a finite set of WTSN P systems I1y, ..., I, as in the statement
of the lemma. Let T be the maximum of all T;, 1 < ¢ < n. From the output neuron
of each II; we consider a chain of additional T"— I; neurons with the unique rule
1/1 — 1, ending with a new output neuron. Irrespective of the length of this chain,
the set of numbers generated by II; remains the same, as the first two spikes leaving
the system remain at the same distance in time, they only leave later the system.
Moreover, in this way all modified systems spikes for the first time at step T.

Take a “trigger” as above for each of the modified systems IT; (we continue to
denote by IT; thm). Assume that a neuron o, from some I1; contains rs > 1 spikes
in the initial configuration of IT;. We remove these spikes from o4 and establish a
synapse (5, s, 7). In this way, when the neuron o5 of the trigger spikes, the system
11 is “loaded” with exactly as many spikes as it contained initially.

In this way, non-deterministically, the “triggers” will load one or more of the
systems I1;, 1 < ¢ < n. Take now an additional neuron which will be considered the
output neuron of the whole system, let us call it ¢, and connect all output neurons
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of systems IT; to it. With a delay of one step, the spike train of each II;,1 < i < n,
is produced by the new system. It is important that all systems II; spike for the
first time at the same moment: only one of the “triggers” has to activate a system
II, all other systems II;,j # i, should remain idle, without any spike inside,
otherwise the system produces no output. Indeed, if two spikes arrive at the same
time in neuron o (this is the case if two systems II;, II; were activated), then o
is blocked forever, its potential is higher than its firing threshold.

Consequently, the system whose construction was suggested above generates
the union of sets No(I1;),1 <i < n. O

Theorem 3. NoWINSNP, = SLIN.

Proof. (i) In order to obtain the inclusion SLIN C NoWTNSNP, we use the
known fact that any semilinear set is a finite union of a finite set with a finite
number of arithmetical progressions. From the previous lemmas we know that
finite sets and arithmetical progressions of the form Pj; with £ > 2 and [ > 2
are in NoWINSNP,. Let us note that the systems constructed in the proofs of
Lemmas 3 and 4 have the property in the statement of Lemma 5, to have all
computations spiking for the first time at the same step. What remains to show is
that also arithmetical progressions which are not of the form P ; with £ > 2 and
[ > 2 are also in NoWTITNSNP,.
Such progressions are P 1, P» o, and P ; for all [ > 0. However, we have

Py ={3}UPa3, Pao={2}U Py,
consequently, with Lemmas 4 and 5, they belong to NoW TSN P,. Moreover,
Pl,l = (PLZ n {1, 273}> U (PLZ n P2’2> U (PU N P372).

Let ll = min(PLl N P272) and lg = min(Pl,l n P3’2). (Note that l1 Z 4 and 12 Z 5)
Then, we have

(PriNPrg)={lh}UPy, (PLuNPs2)={la}UPsy,.

Using again Lemmas 4 and 5, we get L; ; € NoW1InSN Py, and this completes the
proof of the inclusion SLIN C NoW1INSNP..

(ii) The inclusion NoWTnSNP, C SLIN is somewhat straightforward, after
making the observation that, because all weights are positive, the potential accu-
mulated in a neuron can be decreased only if it is smaller than or equal to the
firing threshold of that neuron. Otherwise stated, if a neuron o; accumulates a
potential strictly larger than T;, then the potential remains larger than T; for-
ever (and no rule can be applied in o;). Therefore, the configurations of a sys-
tem IT = (o1,...,0m, syn,out) can be described by a vector (ai,..., a,) where
a; € {0,1,...,T;} U{T}, where T is just a symbol indicating that the potential
of o; is strictly greater than T;. If new amounts of potential are brought to a neu-
ron whose content is already described by T, then the same symbol will describe
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that neuron at the next step. In this way, the functioning of the system can be
described by a finite state device — e.g., by a regular (actually, right-linear, be-
cause we also need rules producing no terminal symbol) grammar: we start from
the initial configuration (its description is the axiom of the grammar) and to each
transition we associates a rule; because we have finitely many configurations, we
have finitely many rules. As long as no spike is sent to the environment, no ter-
minal is produced. When the first spike exits the system, we mark somehow the
reached nonterminal, and from now on we produce a terminal symbol in each step
(and we carry on the marking of nonterminals); when a second spike is produced
by the output neuron, the derivation stops, we no longer introduce a nonterminal.
The number of terminals produced is exactly the number generated by the system.
The formal details are left to the reader. a

A similar result is expected for the case when WTSN P systems with natural
numbers are used in the accepting mode.

7 Final Remarks

In this paper, a variant of SN P systems is introduced, using weighted synapses,
potentials in neurons, and rules which handle these potentials under the control
of given firing thresholds. The universality is obtained for integers used for rep-
resenting all of these parameters, with the case of natural numbers as weights,
potentials, and thresholds remaining to be further investigated.

Several other issues remain to be clarified about these devices.

First, we just ignored non-computable real numbers; which is their effect on
the functioning and the computing power of WTSN P systems? What about con-
sidering as the result of a computation not a number related to the spike train
produced by the system, but the potential of the output neuron in the halting
configuration? In this case we compute real numbers, which is a rather new aspect
in membrane computing. Is this feature useful for applications of SN P systems in
learning and pattern recognition?

Returning to the definition: in the proofs above we have essentially used the fact
that a neuron whose potential is strictly smaller than its firing threshold vanishes,
it is reset to zero. What happens if this resetting does not hold, but the potential
remains as it is — in the same way as a potential greater than the threshold remains
unmodified. What about using the idea of decaying (e.g., as in [3]): the unused
potential, irrespective of its size, decreases in each step with a specified amount
(one unit, for instance)?

We stop concluding with the belief that SN P systems with weights and po-
tentials deserve further research efforts.

Acknowledgements

The work of J. Wang and L. Pan was supported by National Natural Science
Foundation of China (Grant Nos. 60674106, 30870826, 60703047, and 60803113),



Spiking neural P systems with weights and thresholds 533

Program for New Century Excellent Talents in University (NCET-05-0612), Ph.D.
Programs Foundation of Ministry of Education of China (20060487014), Chen-
guang Program of Wuhan (200750731262), HUST-SRF (2007Z015A), and Natural
Science Foundation of Hubei Province (2008CDB113 and 2008CDB180). The work
of Gh. Paun was supported by Proyecto de Excelencia con Investigador de Recono-
cida Valia, de la Junta de Andalucia, grant P08 — TIC 04200.

References

1.

10.
11.

12.

13.

A. Alhazov, R. Freund, M. Oswald, M. Slavkovik: Extended spiking neural P systems
generating strings and vectors of non-negative integers. Pre-proceedings of the 7th

Workshop on Membrane Computing (H.J. Hoogeboom, Gh. Piun, G. Rozenberg,
eds.), WMC?7, Leiden, 2006, 88-101.

. A. Binder, R. Freund, M. Oswald, L. Vock: Extended spiking neural P systems with

excitatory and inhibitory astrocytes. Proceedings of Fifth Brainstorming Week on
Membrane Computing (M.A. Gutiérrez—Naranjo et al., eds.), Fenix Editora, Sevilla,
2007, 63-72.

R. Freund, M. Ionescu, M. Oswald: Extended spiking neural P systems with decaying
spikes and/or total spiking. Intern. J. Found. Computer Sci., 19 (2008), 1223-1234.
W. Gerstner, W. Kistler: Spiking Neuron Models. Single Neurons, Populations, Plas-
ticity. Cambridge University Press, Cambridge, 2002.

M. Ionescu, Gh. Paun, T. Yokomori: Spiking neural P systems. Fundamenta Infor-
maticae, 71, 2-3 (2006), 279-308.

A. Leporati, C. Zandron, C. Ferretti, G. Mauri: On the computational power of
spiking neural P systems. Proceedings of Fifth Brainstorming Week on Membrane
Computing (M.A. Gutiérrez—Naranjo et al., eds.), Fenix Editora, Sevilla, 2007, 227
246.

W. Maass: Computing with spikes. Special Issue on Foundations of Information Pro-
cessing of TELEMATIK, 8, 1 (2002), 32-36.

W. Maass, C. Bishop, eds.: Pulsed Neural Networks. MIT Press, Cambridge, 1999.
M. Minsky: Computation — Finite and Infinite Machines. Prentice Hall, Englewood
Cliffs, NJ, 1967.

Gh. Paun: Membrane Computing — An Introduction. Springer-Verlag, Berlin, 2002.
Gh. Paun, G. Rozenberg, A. Salomaa, eds.: Handbook of Membrane Computing. Ox-
ford University Press, Cambridge, 2010 (in press).

G. Rozenberg, A. Salomaa, eds.: Handbook of Formal Languages. 3 volumes, Springer-
Verlag, Berlin, 1997.

The P System Web Page: http://ppage.psystems.eu



A Note on P Systems with Small-Size Insertion
and Deletion*

Artiom Alhazov!'2, Alexander Krassovitskiy®, Yurii Rogozhin!?, Sergey Verlan*

! Institute of Mathematics and Computer Science

Academy of Sciences of Moldova

Academiei 5, Chiginau MD-2028 Moldova

{artiom,rogozhin}@math.md

IEC, Department of Information Engineering, Graduate School of Engineering
Hiroshima University,

Higashi-Hiroshima 739-8527 Japan

Research Group on Mathematical Linguistics, Rovira i Virgili University
Av. Catalunya, 35, Tarragona 43002 Spain
alexander.krassovitskiy@estudiants.urv.cat

LACL, Département Informatique, Université Paris Est

61 av. Général de Gaulle, 94010 Créteil, France
verlan@univ-parisi2.fr

Summary. We present an overview of recent results on small size insertion-deletion
P systems. Together with the ordinary definition we consider systems with priority of
deletion over insertion. In both cases, obtained P systems are strictly more powerful than
ordinary insertion-deletion systems, and in most of the cases they are computationally
complete. We list several such results. When using the priority relation, the computational
completeness may be achieved by context-free insertion and deletion of one symbol only.

1 Introduction and definitions

Insertion and the deletion operations originate from the language theory, being in-
troduced mainly with linguistic motivation. In general form, an insertion operation
means adding a substring to a given string in a specified (left and right) context,
while a deletion operation means removing a substring of a given string from a
specified (left and right) context. More precisely, an insertion rule (u,a,v) corre-

* A.A. acknowledges the support of the Japan Society for the Promotion of Science, and
the Grant-in-Aid, project 20-08364. A.A., Y.R. and S.V. acknowledge the support by
the Science and Technology Center in Ukraine, project 4032. Y.R. acknowledges the
support of the European Commission, project MolCIP, MIF1-CT-2006-021666. A.K.
acknowledges the support PIF program of University Rovira i Virgili, and project no.
MTM2007-63422 from the Ministry of Science and Education of Spain.



On P Systems with Small-Size Insertion and Deletion 535

sponds to the rewriting rule uv — waw, and a deletion rule (u, @, v) corresponds
to the rewriting rule uav — wwv.

An insertion-deletion system is a construct ID = (V,T, A, I, D), where V is an
alphabet, T'C V', A is a finite language over V', and I, D are finite sets of insertion
and deletion rules, respectively. The language L(ID) generated by ID is defined
as {w € T* | A > x =* w}, where = is the relation defined by an insertion or
deletion rule.

The size of an InsDel system ID = (V,T,A,I,D) is defined as
(n,m,m’;p,q,q'), where

N = MaX(y q,v)el |, M = MaX(y qv)er |Ul, m = Max(y,q,v)er V],

P = MaX(y,a,v)eD |OZ|, q = MaX(y,a,v)ED |U|, q, = MaX(y,«,v)eD |’U|

The corresponding families of languages are denoted by IN S,T’m,DELg’ql.
Insertion-deletion systems of a “sufficiently large” size characterize RE.

An insertion-deletion P system is a tuple II = (O,T,u, My, ...,
M., Ry, ,Ry,), where O is a finite alphabet, T' C O is the terminal alphabet, p is
the (tree) structure of n membranes, it can be represented by a string of correctly
nested labeled parentheses. Region i is delimited by membrane i, 1 < i < n. The
set M; is a finite language of initial objects, and R; is a set of insertion and deletion
rules of region i, of the following forms: (u, z, v; tar),, where (u, z,v) is an insertion
rule, and (u, x, v;tar)., where (u,z,v) is a deletion rule, and the target indicator
tar is from the set {here,inj,out | 1 < j < n}. The configurations, transitions and
computations of the system are defined in the standard way. The result L(IT) of
generated by II consists of strings over T ever sent out of the system during its
computations.

We denote by ELSPk(ins;"’m/,delg’q/) the family of languages L(IT) gener-
ated by insertion-deletion P systems with & > 1 membranes and insertion and
deletion rules of size at most (n,m,m';p,q,q"). We omit letter E if T = O. If
deletion rules have a priority over insertion rules, the corresponding class is de-
noted as (E)LSPk(ins]T’m' < delg’ql). Letter ”t” is inserted before P to denote
classes for the tissue case (defined similarly to the membrane case). We write * if
corresponding parameter is unbounded.

We consider register machines with three types of instructions: p
(ADD(k),q,s), p : (SUB(k),q,s) and p : (WRITE(A), q), where p, ¢, s are states,
k is a register, and A is a symbol. The last form of instruction writes a symbol on
the output tape. Register machines generate PsRE. RFE is generated if WRITE
instructions are used.

2 Minimal context-free insertion-deletion P systems

Systems in IN S?’ODELQ’O only generate strings obtained by inserting any number
of specific symbols anywhere in words of a finite language ([6]); this is included in
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the regular languages family; strictly as, e.g., for {a*b*} the system has no control
on the place of insertion or deletion in the string and the initial language is finite.
Therefore, INSY°DELY? ¢ REG.

Adding a membrane structure, by mutual simulation of blind register machines
(which do not have the zero check in the decrement instruction) it can be obtained:

Theorem 1. PsStP,(ins)"°, del?®) = PsMAT.

However, {a*b*} cannot be generated, while non-context-free languages are
generated even without priorities and deletion. Therefore,

Theorem 2. REG\LStP,(ins%° < del)®) # 0, for any n > 0, and
LStP, (insY°, deld®) \ CF # 0.

A more general inclusion holds:

Theorem 3. ELStP, (ins%°, del®®) ¢ M AT, for any n > 0.

(XN Ak, X50)a
p
(N AR AT g

(N AR, A5q)e

(AN 0 e
(NN A7) e
r P r

Fig. 1. Simulating p : (ADD(k), q,r)(left) and p : (SUB(k), ¢,r) (right).

Nevertheless, minimal context-free insertion-deletion systems with priorities
do generate PsRE. This is especially clear for the tissue P systems: jumping to
an instruction corresponds to sending a string to the associated region, and the
entire construction is a composition of graphs shown in Figure 1. Notice the use
of priority of deletion over insertion in decrement.

A more sophisticated proof can be done for the tree-like membrane structure [2].

Theorem 4. PsSP,(ins)? < del)’) = PsRE.

3 Small contextual insertion-deletion P systems

Although Theorem 4 shows that the systems from the previous section are quite
powerful, they cannot generate RE without control on the place where a symbol
is inserted. Once we allow a context in insertion or deletion rules, they can.

Theorem 5. LSP, (ins?"l < del(l)’o) = RE.
A similar result holds if contextual deleting operation is allowed.

Theorem 6. LSP, (ins"® < del;’) = RE.
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Proof. As in Theorem 5, we use the construction from Theorem 4. However, 7k
additional membranes are needed to simulate k writing instructions.

The WRITE instruction is simulated by inserting symbols to be written (to-
gether with some temporary marking symbols) in the string and performing a
check that they are located at the end by using trap rules and the priority of the
deletion. If the corresponding symbol is not inserted at the rightmost position,
then it would be able to delete the symbol that just follows it. In such a way the
trapping mechanism is realized.

Corollary 1. LSP,(ins;? < del)®) = LSP, (ins?° < del®') = RE.
The contextual deletion can be replaced by a context-free deletion of two symbols.
Theorem 7. LSP,(ins)° < dely®) = RE.

We mention that the counterpart of Theorem 7 obtained by interchanging
parameters insertion and deletion rules is not true, see Theorem 2.

If one considers a context dependency in both insertion and deletion rules, then
the priority relation can be avoided. The following results are from [3].

Theorem 8. ELSP;(ins;’del}") = ELSPs(ins; dely") =
REELSPs(insydel;*) = RE.

Note that corresponding insertion-deletion systems cannot generate RE. In
particular, the last two systems cannot generate the language L = (ba)™, [3]. In
the same article, a characterization of the class INS;* DEL}" in terms of context-
free grammars is also given.

Finally, we remark that the context is important when no priorities are used:

Theorem 9. REG \ ELSP, (insy dely®) # 0.

As it was shown in [3], the language Ly, = a*b ¢ ELSPy(insy dely®), for any
k> 1.
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Summary. The aim of this contribution is to re-stress that i) biological roots of P sys-
tems are the chemical reactions and physical processes performed by living cells, and to
further hope/claim/argue(?) that microscopic structures and functions within Prokary-
otic cells (as well as eukaryotic cells) could provide both the software and the hardware
for true P computer.

1 Introduction

Prokaryotes (Bacteria and Archaea) are unicellular (there are few interesting ex-
ceptions without relevance for the topic of this paper, however), as compared with
more developed organisms( plants, animals and humans, for example) in which case
the biological individual is composed of billions of cells; furthermore the prokary-
otic cell has a simpler structure than the eukaryotic cell, thus being a easier model
to study (Ardeleam, 2006, Ardelean et al., 2006). The main problem is how to pass
from am biological reality to a computer device.

Biological hardware and software for a P systems based computer

There are ultrastructures in prokaryotes which, in my opinion, could provide both
hardware and software for a P systems based computer. The cell membrane in
prokaryotes (the skin membrane in P system language) is an excellent example of
how a biological entity could contribute to both the software and the hardware of
a true P - Computer. The basic structure of Cell membrane found in all biologi-
cal cells, either prokaryotes or eukaryotes is basically composed of a lipid bilayer
forming a semifluid matrix in which the membrane proteins are floating. The huge
diversity in CM belonging to different cells is related to the chemical composition
of CM, namely the identity of proteins and lipids. The membrane proteins are



Could Cells Provide Software and Hardware for P Systems Based Computers? 539

involved in chemical reactions and physical processes occurring at the biological
membranes which are essential for the living bacterial cell to grow and to multiply;
however. In Bacteria the cell is enclosed by a cell wall and a cell membrane and
contains cytoplasm and nucleoid. Cell membrane is basically composed of a lipid
bilayer forming a semifluid matrix in which the membrane proteins are floating.
This model of CM is called fluid mosaic model and is universally accepted. This is
the basic structure of CM found in all biological cells. The huge diversity in CM
belonging to different cells is related to the chemical composition of CM, namely
the identity of proteins and lipids.
The general biological functions of CM are basically the following:

1. CM serves as a selectively permeable barrier

2. CM contains transport systems used for such tasks as nutrient uptake, waste
secretion and protein secretion

3. CM holds the enzymatic machinery for crucial metabolic processes: respiration
and photosynthesis

4. CM synthesizes lipids and cell wall constituents

5. CM contains special receptor molecules that help bacteria detect and respond
to signal in their surrounding thus affecting their behavior.

However, one main problem is determined by the fact that the ultimate biologi-
cal output of a (prokaryote) cell is its transformation in two identical cells, whereas
the ultimate informational output of a P systems based computer will be a calculus
(here, in this presentation we do not take into account the interesting aspect/topic
that now seems to be a pure science fiction dream/nightmare that the P systems
based computer could be switched (by the operator or by it/himself — see Isaac
Asimov’s “I, the Robot”) to an operational state when it performs calculations
OR to another operational state when it performs self-duplication. In this last
respect, the P systems based computer could behave in the real world as a virus
behaves into a living cell, by changing drastically the output of the living cells:
the living cells which is dying no more synthesize chemicals and nanostructures
and microstructures for another living cell, but synthesizes exclusively chemicals
and nanostructures needed for the auto-assembly of many new viruses). Even in
the first case, the changes operated by the scientist in the cell function, should
be dramatic in the sense that the cell programme will be changed drastically, in
order to perform calculations and not organized chemical reactions which end into
the process of cell division with the formation of two separate and (theoretically)
identical cells. It would be interesting to try to think how a given biological pro-
cess should be changed by the scientist in order to used that process (eventually
integrated in other biological processes OR isolated functionally in a mechanically
stable support) to perform a calculation needed by the scientist/human operator.

For any living cell, thermodynamically speaking, some of the energy and mate-
rial processed by the living cells are for its own maintenance in the physical world
and some for its multiplication; this is why the yield of a biological process is not 1,
always is a mixture of anabolic processes and catabolic processes. What would be
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the case with a P systems based computer, which should obey the laws of Physics
and Chemistry... (and Biology?...

In my opinion/intuition a P systems based computer would not be simply
basically composed of a cell (either prokaryote or eukaryote) which has some wiring
to conduct inputs and outputs, but composed by a re-synthesized (artificial?) cell
whose molecular components interact each other in a different way than in vivo,
just to produce another type of output: NOT other two living (identical) cells but
a computation.

It could be possible that the molecules and assemblages of molecules, the hard-
ware produced by living cell, would be isolated and purified by the scientist, [after
being synthesized in vivo by the living cell (or synthesized in vitro by the scien-
tist)], assembled, connected each other in such a way the obtained device/artificial
cell will be a true computing machine.

Probably, there are also physical constrains with respect to the physical stabil-
ity in time of a such complicated proteic structure, as compared with the physical
stability of a silicon based component (here, we have not to forget that Edison’s
first bulbs had a rather short working “life”). The ability of scientist/mankind to
design chemicals, proteins first of al, with changed /desired chemical and physical
characteristics has improved significantly in the last decade, and the hardware of
a P systems based computer probably needs even more progress in this demiurgic
(thus dangerous) activity.

The biological property of each living cell to synthesize (almost in some cells)
and assemble all its chemicals, micro- and nanostructures and, in the case of ge-
netically engineered bacterial cells for example, even foreign/alien components (E
coli which produce human insuline) seems to be an attractive way for the scien-
tist/humans to produce huge numbers of bio-components to act as basic elements
in constructing a P systems based computer. This ability of living cells is already
used in nanotechnology to synthesize nanomaterials such as S-layers.

The occurrence in cell membrane of protein assemblages active in respiratory
electron transfer which perform logic functions (AND, OR logic gates) could be
used to er vivo implement basic processes in computers “physiology”. Natural
occurring or artificial assembly of these kind of proteic logic gates to perform not
circular biochemical reactions leading to overall metabolism but linear biochemical
reaction leading to output as a calculus could become a reality. One such biological
process is respiration.

Respiration is the biological process that allows the cells (from bacteria to hu-
mans) to obtain energy. In short, respiration promotes a flux of electrons from
electron donors to a final electron acceptor, which in most cases is molecular oxy-
gen. Thus, during the last step of respiration shortly presented above water is
formed from molecular oxygen, protons (4H™) and electrons(4e™), and 4 protons
are simultaneously transferred across membrane from inside to outside the cell con-
tributing to energy conservation. Furthermore, the process of respiration involves
a few other steps before that catalyzed by specific enzymes, each of these steps
being an example of how given protein function as molecular logic gates. These
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molecular logic gates, arranged in vitro in a different way than in vivo, could be
for P systems based computer what electronic logic circuits are for “normal” com-
puters. These logic gates active in vivo in respiration are diverse in the bacteria
world, opening the possibilities that natural occurring biologic gates could be put
to perform in vitro rather different operations.

For example, in FEscherichia coli, cytochrome bd has a high affinity for oxy-
gen and is involved in energy conversion with a medium efficiency: more exactly
for every electron (passed through the cytochrome bd to molecular oxygen) one
proton (one atom of bound hydrogen without its electron) is transported from in-
side the cell to outside the cell. Thus, because of these properties, the cytochrome
bd works at relative low oxygen concentration in the growing medium. The cy-
tochrome bo oxidase has a lower affinity for oxygen (and a higher efficiency in
energy conversion); thus, cytochrome bo works at high oxygen concentration in
the growing medium. Simply, but correctly, we can say that, at low oxygen con-
centration in the growing medium (lower than about 40% of oxygen saturation)
the cytochrome bo oxydase is responsible for the entire respiratory activity of the
cells: in other words, the flux of electrons to molecular oxygen proceeds 100high
oxygen concentration in the growing medium (this means in between 90 and 100%
of oxygen saturation), the cytochrome bd oxydase, is responsible for almost the
entire respiratory activity of the cells. Furthermore, in between 40 and 90%, the
two types of terminal oxidases contributes together to the respiration of cell.

Other type of proteins which could become physical substrate for the hard-
ware of a P systems based computer are the proteins involved in the transport
of ions and molecules across the plasma membrane. For example, the tripartite
ATP-independent periplasmic (TRAP) transporter carriers are secondary uptake
carriers requiring a periplasmic solute binding protein. They are active in prokary-
otes (Bacteria and Archaea) and form a distinet family of transporters. They have
been discovered in the anoxygenic phototrophic bacterium Rhodobacter capsulatus,
its biological function being the unidirectional transport inside the cell of organic
solutes such as succinate, malate, fumarate. These substances are needed by the
bacterium for photosynthesis, respiration, growth and related biological processes.
Other proteins form the so called efflux pumps. The efflux pumps for antibiotics
and hydrocarbons work with exceptional efficiency in Gram-negative bacteria due
to synergistic action of cytoplasmic membrane with outer membrane. In Gram-
positive bacteria, the eflux pumps move the substrate across just one membrane.
This is rather inefficient, as they have to compete with the rapid spontaneous
influx of the lipophilic molecule back into the cytoplasm. A high rate of efflux is
therefore required to produce significant levels of resistance. The eflux pumps in
the Gram-negative bacteria traverse both the cytoplasmic and outer membranes.
As the outer membrane is composed largely of lipopolysaccharides (LPS), it has
different permeability properties compare to the membrane of Gram-positive bac-
teria. And the examples could be (mechanically) extended...
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2 Conclusions and perspectives

We have not to forget that Turing was the first to notice/ to argue mathemati-
cally the possibility that nonuniform steady state could exist in chemical reaction
(Turing, 1952), thus leading at bifurcations called by Prigogine, Turing bifurca-
tions; these bifurcations are essentials for the complexity of biochemical reaction
within a living cell as well as for the physical possibility of a living cell /systems
to exists and to be used as a basic element in a computational (nonliving) device.
(The function of many proteins as logic gates is also dependent on this property
of bifurcation.)

The incorporation of different active (mainly) protein molecules in artificial
membranes opens the possibility to move objects across these membranes, and
to perform a calculus. This kind of experiments could lead to the construction of
P systems-based computers. In conclusion, I claim that membrane proteins could
provide both the software and the hardware for a P systems based computer
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1 Introduction

Membrane systems (P systems) were introduced by Paun in [5] as distributed
parallel computing devices inspired by the structure and the functioning of cells.
In the extension of [3] the application of rules may be conditioned by the presence
of promoter objects. A promoter does not participate in the application of rules,
and a single promoter may enable the application of several rules and multiple
applications of each one of these rules. P systems with promoters have been shown
to be universal even when non-cooperative rules are considered [3]. The same
holds for P systems without promoters but with cooperative rules [5]. We aim at
comparing the use of promoters with the use of cooperative rules from the point
of view of efficiency. Actually, the kind of efficiency we are interested in is not the
ability of solving NP complete problems in polynomial time (as in [6]), but the
ability of solving in constant time problems solvable in linear time. In this paper
we show that there exists a problem that can be solved in constant time with
cooperation and that requires at least linear time with promoters. Whether also
the opposite holds is left as an open problem.

2 P Systems with Promoters

In P systems with promoters [3] an evolution rule may have some promoters that
are objects required to be present in the membrane in order to enable the rule.
We can assume that all evolution rules have the following form:

u — (vp, here)(v,, out)(v1,iny,) . .. (Vn, ing,)|p

where u is the multiset of objects consumed by the rule, {l1,...,1,} is a set of
membrane labels, vy, v,, v1, . . ., v, are the objects (grouped in multisets by target)



544 R. Barbuti et al.

produced by the rule and p is the multiset of promoters of the rule. Application
of evolution rules is done with maximal parallelism, as usual. Formally:

Definition 1. A P system IT is given by II = (V,u,wi,...,wy, R1,...,Ry),
where: (1) V is an alphabet whose elements are called objects; (i) p C IN x IN is
o membrane structure, such that (I1,l2) € {1 denotes that the membrane labeled by
lo is contained in the membrane labeled by ly; (i) w; with 1 < j < n are strings
from V* representing multisets over V associated with the membranes 1,... n of
w; (w) Rj with 1 < j < n are finite sets of evolution rules associated with the
membranes 1,...,n of .

In this paper we assume P systems to be closed computational devices, namely
objects cannot be sent out of the skin membrane (i.e. rules sending objects out are
not allowed in the skin membrane) and cannot be received by the skin membrane
from outside. We will usually consider the multiset of objects initially contained
in the skin membrane as the input of the P system and the multiset of objects
contained in the skin membrane of a final configuration as an output. Note that
infinite evolutions are not considered as valid computations.

From [1] it follows that any P system with promoters can be translated into
another one that computes the same function, by performing equivalent evolution
steps, having a flat membrane structure consisting only of the skin. The idea is to
enrich the alphabet of the P system with objects labeled with membrane indexes
and to use such objects in the skin membrane of the flat system to represent
objects placed in some inner membrane of the original system. This technique was
previously used in [2] but with P systems without promoters.

Theorem 1. Every P system with promoters can be translated into another one
whose membrane structure consists only of the skin membrane.

P systems dealing with multiset languages can be either language acceptors or
generators. In the first case a multiset is provided as the input and the result of
the computation says whether such a multiset belongs to a language or not. In the
second case the P systems has a fixed initial configuration and can give as results,
in a non-deterministic way, all possible multisets belonging to a given language.

Let us formalize the notion of P system used as language acceptor.

Definition 2. An acceptor P system for a multiset language L over an alphabet
XY is a P system I, = (X UCU{T}, p,wy Ul jwa, ..., wy, Ry,...,R,) where: (i)
C is a set of control objects such that X NC = @; (ii) T is a special object not
contained in X UC; (1) w;, for 1 <i < n, are multisets of objects in C; (iv) when
the placeholder € is replaced by a multiset of objects the output of the computation
of the P system says whether such a multiset belongs to L as follows: the multiset
is accepted (belongs to L) if and only if a final configuration can be reached with
T appearing in the output.

We remark that one could define equivalent notions of acceptor P systems
without assuming X and C to be disjoint sets or by assuming that a multiset
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is accepted if and only if a final configuration can be reached (by ignoring the
presence of T'). The first of these two alternative notions can be simulated by ours
by assuming that there exists in C a primed copy a’ of every object a that should
be shared with Y. Such primed objects are then rewritten into their unprimed
version in the first evolution step of the system. The second of the two alternative
notions can be simulated simply by adding T to w; and by ensuring that there is
no rule in R; using such a special object.

3 Efficiency of Promoters and of Cooperation

Let us take the language L = {a®" | n > 0}. By exploiting cooperative rules, L
can be accepted in constant time. In fact, we can take a P system with only one
membrane containing the object T and the rules aa — A and a1 — A.

A solution without cooperation and exploiting promoters consists in a mem-
brane with objects T and 1 and the following rules:

a — alq T — Flppe b— Aok 1—2 2—3
a— bl T — Flec2 ¢ — Mok 3—4 4—-1],
a—>c|1 T—>0K‘bcg OK —-T

Such a solution is linear in time w.r.t. n. We can show that without cooperation
a solution in constant time cannot be given.

Theorem 2. The language {a®*™ | n > 0} cannot be accepted in constant time
without using cooperating rules.

Proof. By contradiction, let us assume that L = {a®" | n > 0} can be accepted in
constant time, actually, that there exists and acceptor P system P able to accept
any multiset of the language L in at most k execution steps.

Given a possible accepting execution of P, let Ry,..., Ry be the sets of rules
that are applied at least once in each of the £ execution steps, respectively. Let r; ;,
with 1 <4 <k, denote one of the m; rules of set R;, namely R; = {r;1,...,Tim,}-
Since L is infinite, whereas the number of execution steps and of evolution rules
are bounded, there must exist an infinity of different executions (each accepting
a different multiset in L) with the same sets of applied rules Ry, ..., Ry and that
differ only on the number of times such rules are applied in each execution step.
Let x; ; be the number of times rule r; ; is applied (in the i-th execution step).

Let N C IN be an infinite set s.t. L’ = {a®" | n € N} is a set of multisets (sub-
language of L) accepted by executions in which the same sets of rules Ry, ..., Ry
are applied. At least one of the sets Ry, ..., R must contain a rule in which object
a is either consumed or used as a promoter, otherwise we would have that only
control objects are used so that P would accept any multiset.

Let us assume first that a is not consumed by any of the rules in Ry, ..., Ry, but
used as a promoter of some of these rules. Let 7; ; be any of the rules having a as
a promoter, namely 7 j = 0 — u|yer With 0 € V, u,v € V* and p € IN*. Since Tij
has been applied (x; ; times), we have that at the i-th step there must be at least
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p occurrences of a. This must hold for any multiset in L’ to be accepted, namely
for any n; € N. Now, given any n; € N, let us take no = n; + 1. It holds that
ng € N, since N contains only even numbers whereas ns is odd by construction.
We have that a™2 ¢ L but it is accepted by an execution of the acceptor P system
in which rules Ry,..., R are applied exactly as many times as in the execution
that accepts a™. This holds because the additional a is not consumed by any rule
and has not an influence on the applicability of rules having such an object as a
promoter. Hence, we have a contradiction.

Let us assume now that there are some rules in Ry, ..., Ry consuming a. Let
r;,; be any of these rules, namely r;; = a — Ulpgr With u,v € V* and p € IN.
Since 7;,; has been applied (z; ; times), we have that at the (i + 1)-th step z; ;
copies of u are present. This holds for any multiset in L’ to be accepted, namely
for any ny € N, and, differently from the previous case, we have that the value
of x;; might be proportional to n;. Given any ni,ne € N with ny < ng, let us
take ng = ni + 1. It holds that ng ¢ N, since N contains only even numbers
whereas ng is odd by construction. We have that a™3 ¢ L but it is accepted by an
execution of P in which applied rules are Ry, ..., Rg, and they are applied at least
as many times as in the execution that accepts a™* and at most as many times
as in the execution that accepts a™2. The fact that T is produced is guaranteed
by the fact that, in order to accept a™, T" was either present from the beginning
as a control object of the initial configuration or produced by one of the rules
in Ry,..., Ry, and this still holds for a™® where the initial control objects and
the applied rules are the same. Moreover, the fact that the accepting execution
of a™ terminates is guaranteed by the fact that the objects produced during the
execution were produced (possibly in a greater quantity) also during the accepting
execution of a™2. This means that the accepting execution of a3 does not enable
the application of rules that were not applicable in the accepting execution of a™2.
Summing up, also this case leads to a contradiction.

Open Problem. Does there exist any language that can be accepted in constant
time only if promoters are exploited?
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Summary. In this paper, we present results on the power and the size of generalized
communicating P systems in the case of eight restricted variants of communication rules.
These constructs are purely communicating tissue-like membrane systems with commu-
nication rules which allow the movement of only pairs of objects. We show that seven
of these restricted variants are computationally complete, even with limited size, while
systems belonging to the remaining one variant are able to compute only finite single-
tons of non-negative integers. The obtained results complete the investigations of the
computational power of generalized communicating P systems.

1 Introduction

The theory of P systems provides several examples for computational models with
large computational power and at the same time with simple architecture and
small size complexity.

One of the main research directions in P systems theory is the study of the
computational power of purely communicating membrane systems. Adequate ex-
amples of these constructs are the symport/antiport P systems [1]. Motivated
by the problem how to define a common generalization of various purely com-
municating models in the framework of P systems, the concept of a generalized
communicating P system was introduced in [3].

* The research of the first author was supported in part by the Hungarian Scientific
Research Fund “OTKA”, Grant No. K75952. The second author acknowledges the
Science and Technology Center in Ukraine, project 4032.
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A generalized communicating P system, or a GCPS for short, corresponds to
a graph where each node, called a cell, contains a multiset of objects which - by
communication - may move between the cells. The communication rules are rather
restricted, any rule identifies four cells, two input cells and two output cells, such
that a pair of objects from the two input cells move synchronously to the two
output cells. The form of a communication rule is (a,¢)(b, j) — (a, k)(b,1) where a
and b are objects and i, j, k,[ are numbers that identify the input and the output
cells. Such a rule means that an object a from cell 7 and an object b from cell j
move synchronously to cell £ and cell m, respectively. It can easily be seen that
these very simple communication rules can also be interpreted as interaction rules.
Although a GCPS realizes a graph structure, the cells are defined implicitly, since
the system is given as a set of communication rules over an alphabet.

Depending on the relation of 4, j, k, [, nine restricted variants of communication
rules (modulo symmetry) can be distinguished. (For example, i # j # k # [ is one
of these restrictions, called a parallel-shift rule.) When the GCPS has only one
type of these restricted rules, we speak of generalized communicating P systems
with minimal interaction, a GCPSMI for short.

In this article, we consider generalized communicating P systems which use
only one type of the above interaction operations. In [3] it was shown that any
register machine can be simulated by a GCPS having 19 cells and using only
parallel-shift rules. Continuing the examination of the power of GCPSMIs, we
study the remaining eight restricted variants of communication rules. We prove
that in most of the cases (7 of 8) computational completeness is obtained, i.e.,
the corresponding GMPCSs are able to determine any recursively enumerable set
of non-negative integers; the only exception determines only finite singletons of
natural numbers. The constructions in the proofs also demonstrate that this large
expressive power can be obtained by P systems with relatively small numbers of
cells and simple graph architectures.

2 Definitions

In this section we recall some basic notions and notations commonly used in mem-
brane computing and some basic concepts of formal language theory that we need
throughout the paper.

We consider register machines with two types of instructions: (p, A+, ¢, s) and
(p, A—,q, s), where p, q, s are states and A is a register. Register machines generate
NRE.

Next we present the basic definitions concerning generalized communicating P
system; for further details and motivations of these constructs, see [3].

Definition 1. A generalized communicating P system of degree n (a GCPS, for
short) is a construct: I = (O, E,wy, ..., wp, R, i,), where:

1. O is a finite alphabet,
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2.ECO;

3. w; € OF, for all 1 < i < n, the multiset of objects initially associated to cell ;

4. R is a finite set of interaction rules of the form (a,i)(b,j) — (a,k)(b,1), where
a,be 0,0<1i,5,kl<n, and if i =0 and j = 0, then {a,b} N (O \ E) # 0;
i.e.a ¢ E orbé¢ E;

5.1, € {1,...,n} is the output cell.

The system consists of n cells, numbered from 1 to n, that contain multisets of
objects over O; initially cell ¢ contains the multiset w;. There is also a special cell
distinguished, numbered by 0, called the environment. The environment contains
symbols of £ C O in an infinite number of copies.

The cells interact with each other by means of the rules in R of form r =
(a,i)(b,5) — (a,k)(b,1), with a,b € O and 0 < i,5,k,l < n. Such an interaction
rule may be applied if there is an object a in cell ¢ and an object b in cell j. As the
result of the application of r, the object a moves from cell i to cell kK and b moves
from cell j to cell [. If two objects from the environment are moved to some other
cell or cells, then at least one of them must not appear in the environment in an
infinite number of copies.

Notice that the structure of a GCPS corresponds neither to a tree as in cell-like
P systems nor to a graph as in tissue P systems, though some models of cell-like
P systems and tissue P systems can be seen as special variants of GCPSs.

In general, for a given GCPS, every rule is defined over a block of cells which
allows certain objects to pass from the input cells to the output cells; altogether
these rules define a network of communicating cells.

Let IT = (O, E,w1,...,w,, R,i,), n > 1, be a GCPS. A configuration of IT
is a tuple (29, 21,...,2n) With 29 € (O\ E)* and z; € O*, for all 1 < i < n; 2
is the multiset of objects possibly present in the environment in a finite number
of copies, whereas, for all 1 < i < n, z; is the multiset of objects present inside
cell 4. The initial configuration of II is the tuple (A, wi,...,wy,). Then, given a
configuration of I, a new configuration can be produced by applying the rules in
a non-deterministic maximally parallel way: all the rules that can be applied to
the objects currently present inside the cells and the environment must be applied
in parallel at the same time; the only restriction is that an occurrence of an object
has to be used by at most one rule. One such application of the rules represents
a transition step (in II). A computation in II is any sequence of transition steps
in IT which starts from its initial configuration. A successful computation in IT
is any computation which produces a configuration where no more rules can be
applied to the objects left inside the cells and in the environment. The result of
a successful computation is the non-negative integer corresponding to the size of
the multiset of objects inside the output cell i, in the final configuration. The set
of non-negative integers computed in this way by GCPS IT is denoted by N(IT).

We may impose several restrictions on the interaction rules, some of these
restrictions directly correspond to antiport or symport rules of size 2.
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Below we define all possible restrictions (modulo symmetry): let O be an al-
phabet and counsider an interaction rule (a,i)(b,j) — (a,k)(b,l) with a,b € O,
i,j,k,0 > 0. Then we distinguish the following cases:

1. i = j = k # [: the conditional-uniport-out rule sends b to membrane [ provided
that a and b are in membrane i.

2. i =k =1+ j: the conditional-uniport-in rule brings b to membrane 4 provided
that a is in that membrane.

3. i =j # k = [: the symport2 rule corresponds to the minimal symport rule,
i.e., a and b move together from membrane ¢ to k.

4. i =1 # j = k: the antiport! rule corresponds to the minimal antiport rule,
i.e., a and b are exchanged in membranes ¢ and k.

5. i =k # j # l: the presence-move rule moves the symbol b from membrane j
to [, provided that there is a symbol a in membrane 1.

6. i = j # k # l: the split rule sends a and b from membrane ¢ to membranes k
and [, respectively.

7. k=11 # j: the joining rule brings a and b together to membrane i.

8. i=1#j#kori#j=k#I: the chain rule moves a from membrane ¢ to

membrane k while b is moved from membrane j to membrane i, i.e., where a
previously has been.
9. i # j # k # l: the parallel-shift rule moves a and b in independent membranes.

A generalized communicating P system may have rules of several types as
defined above. Moreover, we may allow uniport rules (i.e., rules of the form (a,i) —
(a, k) specifying that, whenever an object a is present in cell 4, this may be moved
to cell k). In this case, GCPS with symport2 and uniport rules or with antiportl
and uniport rules become tissue P systems with minimal symport or minimal
symport and antiport, respectively.

When only one type of rules is considered, we call the corresponding GCPS a
minimal interaction P system, or a GCPSMI for short. We denote by NOtPy(z)
the set of numbers generated by a minimal interaction P system of degree k having
rules of type z, x € {uout, uin, sym2, antil, presence, split, join, chain, shift}.

3 Power and Size of Minimal Interaction P Systems

Minimal interaction P systems with any types of rules defined above, except an-
tiportl, are computationally complete devices, i.e. they are able to compute any
recursively enumerable set of non-negative integers. Moreover, the systems which
are computational complete are able to reach this computational power with a
number of cells limited by a small constant. In the case of split rules, 9 cells
suffice.

Theorem 1. NOtPy(split) = NRE.

Systems having symport 2 rules cannot generate N RE, however they can ac-
cept any recursively enumerable set of numbers. The proof of the result is based
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on a simulation of a split rule by symport2 rules. Then the result follows from
Theorem 1.

Theorem 2. For any S € NRE there is II € NOtPg(sym2) that accepts S.
Theorem 3. NOtP,(antil) C NFIN.

The proof follows from the fact that the number of symbols in a cell cannot be
changed by using only antiportl rules. Hence, only finite singletons of non-negative
integers can be generated.

The first equality below is proved by a direct simulation of the register machine,
and the second one is based on a simulation of a join rule by by a sequence of chain
rules.

Theorem 4. NOtP;(join) = NOtP,(chain) = NRE.
Theorem 5. NOtPsy(uin) = NRE.

This statement is proved by simulating the increment and the decrement in-
structions of a register machine. Instead of direct simulations of the instructions,
we define sets of conditional-uniport-in rules, so-called (primitive) blocks, as it was
done in [3] and [2], and then we show how a set of rules simulating an increment
instruction or a decrement instruction can be composed from these blocks. For
this purpose, we use three blocks: the so-called uniport block, the basic block or
main block, and the zero block.

The uniport block corresponds to an uniport rule. The basic or main block is a
variant of a minimal interaction rule that permits to move synchronously symbols
a from cell i to cell k£ and b from cell j to cell [. If b is not present, then an infinite
loop occurs. The zero block is a variant of a minimal interaction rule that moves
symbol a from cell ¢ to k providing that there are no symbols b in cell j. If there
are symbols b in cell j then the computation enters into an infinite loop.

Next two equalities are proved in a similar way.

Theorem 6. NOtPsp(uout) = NOtPsg(presence) = NRE.
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P systems were introduced as a computational model inspired by the information
and biochemical entities processed in the living cells by means of membrane com-
munication. In most of the works about P systems, information is represented as
multisets of symbol/objects which can interact and evolve according to predefined
rules. Nevertheless, the use of strings to represent the information and the use
of rules to transform strings instead of multiset objects has been present in the
literature of this scientific area from the very beginning. For an early survey of
different string-based P systems the reader is referred to [3].

In this work, we propose the use of evolutionary transformations from strings
to strings as the definition of P rules. The evolutionary rules that we address
have been widely used in the definition of networks of evolutionary processors,
an intensive study started in [1] and continued in a series of papers. Accepting
networks of evolutionary processors with filtered connections (ANEPFC for short)
have been introduced in [2] as a computationally complete model of computation.
It is known that many string-based P systems are computationally complete. Our
goal is to establish a direct simulation of ANEPFCs by string-based P systems. To
this aim, we are going to consider regions with evolutionary rules. Two aspects are
important in our view: (1) the permitting conditions of the filters of ANEPFCs
are simulated by inner membrane structures, (2) the forbidding conditions of these
filters are simulated by rule priorities. In many works devoted to P systems, the
membrane structure does not play a very important role as it is reduce to only
one membrane. In our approach the membrane structure plays a crucial role.

* Work supported by the Spanish Ministerio de Educacién y Ciencia under project
TIN2007-60769
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Accepting Networks of Evolutionary Processors with
Filtered Connections

Here, we will informally describe an ANEPFC as it was defined in [2]. An evolu-
tionary processor can be viewed as a very simple string-processing unit. It holds
a finite set of strings with arbitrary many copies of each of them, and a finite set
of evolutionary rules. These rules can be formally defined by (here a and b ranges
over a finite alphabet):

- Insertion rules: A\ — a

- Deletion rules: a — A

- Substitution rules: a — b

Every rule can be applied to a string in three different ways: in any position in
the string, in the rightmost position, or in the leftmost position. Observe that, due
to the multiplicity of copies of every string, a single rule applied in an arbitrary
position could eventually produce more than one string. The processor will apply
the rules to the existing strings in an evolutionary step. Basically, an ANEPFC
consists of a finite set of evolutionary processors which are connected following
a predefined underlying topology (complete, ring, star, etc.) Every connection
between two processors is filtered by a pair of disjoint sets of symbols (P, F).
There are two types of filters: (1) the weak filter (a string passes it if at least one
symbol from P and none symbol from F' is present in the string), (2) the strong
filter (a string passes it if every symbol from P and none symbol from F is present
in the string). The process of communicating strings between connected processors
regulated by the filters associated with connections is called a communication step.

A configuration of an ANEPFC may be understood as the sets of words which
are present in any node at a given moment. A configuration can change either by
an evolutionary step or by a communication step which alternate with each other.
When changing by an evolutionary step each component of the configuration is
changed in accordance with the set of evolutionary rules associated with every
processor and the way of applying these rules. When changing by a communication
step, each node processor of an ANEPFC sends one copy of each word it has to
every node processor connected to it, provided they can pass the filter of the edge
the processors. It keeps no copy of these words but receives all the words sent by
any node processor connected with it providing that they can pass the filter of the
connection.

Every ANEPFC has two distinguished processors, namely the input and the
output ones. Initially the input string is located in the input node and the network
performs an accepting computation; if there exists a configuration in which the set
of words existing in the output node is non-empty, then the network halts. The
language accepted by an ANEPFC is the set of input strings that lead the network
to a halting configuration.
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Accepting Evolutionary P Systems

We now informally describe the P system we are going to investigate. An Accepting
evolutionary P system of degree m (AEvoP in short) is a construct

I = (Va Ua,u? (R17p1)a Ty (Rmapm))a

where:

- V is the input alphabet, U 2 V is the working alphabet,

- p is a membrane structure consisting of m membranes,

- R;, 1 <4< mis a finite set of evolutionary and/or dissolving rules over U
associated with the ith region and p; is a partial order relation over R; specifying
the priority among the rules. An evolutionary rule is a 4-tuple (a, b, @, 3) (or a —
b3) where a,b € UU{\}, a € {here,out,in} and B € {*,1,r}. A dissolving rule is
5-tuple (a,b, a, 3,8) (or a — b36), where a,b, o, 3 have the same meaning as for
evolutionary rules and § € U is the dissolving symbol.

The application of a rule a — b2 in an arbitrary region of the system works
as follows: if there exists a string w in that region, such that w = wjaus, then
w is transformed into u;bus (observe that ( establishes the way of applying the
evolutionary rule). Parameter « establishes where to send the new strings, namely
they are sent to the outer region, to all immediate inner regions (a copy of each
string is sent to all these regions), or remain in the same region, provided that (
is out, in, or here. If a string is to be sent to an inner region that does not exist,
then it remains where it is.

If the rule is a dissolving one (a — b4, the membrane of the region is dissolved
after the rule application, provided that the membrane is different from the skin
one.

The input string is initially stored in the outmost region. Then, in a fully
parallel manner all the rules are applied to the strings existing in every region
according to their priorities. The system halts whenever: (1) No rule can be applied,
or (2) The system is reduced to only one region, namely the outmost one.

The language accepted by IT is denoted by L(IT). A string is in L(IT) if and
only if it being initially stored in the outmost region reduces the system to only
one region.

A simulation of ANEPFCs by EvoPs

In this section we give just a very brief idea how an AEvoP can simulate an
ANEPFC. The membrane structure for the proposed AEvoP system will have
the skin region and as many regions as connections between processors inside it.
For every connection between processor ¢ and j we will have the regions R;; and
Rj;. Inside every R;; region we will have different structures depending on the
filter type. Let us suppose that the set of permitting symbols for the filter on the
connection between processor i and j is defined by P;; = {b1,bs,---,bi}. Then, if
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the filter acts in the weak mode, the structure is showed in the next figure to the
left, while if the filter acts in a strong mode the structure is showed to the right.

Gl

Fig. 1. Membrane structures for the filters

Inside the inner regions in illustrated membrane structures we apply the evo-
lutionary rules similarly to those associated with the node ¢. In addition, the new
strings are moved through the region in order to check the filter conditions. Thus
evolutionary rules having the highest priority check the presence of forbidden sym-
bols. If such a symbol is present, then the string remains blocked in an inner region.
If these rules cannot be applied, then other evolutionary rules check the presence
of permitting symbols. As soon as one permitting symbol is present, the string is
sent to the outer region. Clearly, some special symbols are used in order to manage
the string movements. When a string is going to enter a region of the form R;;
where ¢ is the output node of the ANEPFC, then a new symbol is inserted; this
symbol will dissolve in turn all the membranes.
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Summary. We summarise some current results for active membrane systems using uni-
formity below P. Many of the systems we consider are easily to simulate on parallel
hardware and provide interesting new directions for the complexity theory of membrane
systems as well as those seeking to simulate membrane systems.

1 Familiar frontiers

The majority of complexity results to date in membrane systems (also known as
P-systems) have been focused on the frontier of tractability. This frontier is also
known as the P = NP conjecture. This boundary has been fruitfully explored using
polynomial time (semi-)uniform families of membrane systems. However, when the
uniformity condition is restricted to being computed in classes below P many new
and interesting things about families of active membrane systems without charges
(AM") become clear.

One result [6] is that logspace semi-uniform families (when dissolution rules
are excluded, denoted AM?4) solve all problems in NL. (When using P semi-
uniformity, families of AMY 4 were shown to solve all of P. [4]) The problems in
NL are solvable using very little memory (O(log?n)) on a deterministic polynomial
time Turing machine [11]. Furthermore since NL C NC, this places us on the far
side of another frontier: the parallelisable frontier. The parallelisable frontier is also
known as the NC = P conjecture and is almost as significant in its implications
as the P = NP conjecture [2]. Problems in NC (Ui>oNC") are those which are
decided in poly-logarithmic (O(log’ n)) time when using a polynomial number of

* Funded by the Irish Research Council for Science, Engineering & Technology
** Supported by a Project of Excellence from the Junta de Andalucia, grant number
TIC-581.



Uniformity: Uncovering the Frontier of Parallelism 557

processors, that is they are efficiently parallelisable. However P-complete problems
are thought to be intrinsically sequential and no significant speed-up is achieved
when the number of processors working on the problem is increased[2].

We have also shown[5, 6] the first P characterisation for AM" systems with
dissolution rules where the lowerbound is not dependant on P uniformity.

Another result is that for AM? 4 the notions of uniformity and semi-uniformity
are formally different. This result may be applicable to other types of membrane
systems and models of computation.

2 First Results

We now summarise the first results from beyond the P frontier. The key to these
results has been to use uniformity conditions weaker than P (note Obtulowicz [9]
was the first to explicitly use logspace).

Theorem 1 ([6]). The set of problems solved by semi-uniform families of recog-
niser active membrane systems without charges and without dissolution rules equals
NL, formally (ACO)*PMCZMQ({ = NL. This result holds if the semi-uniformity

function is AC®, NC', L, or NL computable.

With a slight restriction on the way rules are allowed to interact in the system,
the set of problems solvable shrinks to L [8]. The proofs of these results show
that it is possible to simulate a AM"; system with a membrane structure by
using a system with a single membrane and only evolution rules. Also clarified
is the power of dissolution, with dissolution a semi-uniform AM° system with
strong non-elementary division rules solves PSPACE, however without dissolution
rules, the system solves only NL [1]. Similarly dissolution rules provide the first P
characterisation that is robust to uniformity conditions below P.

Theorem 2 ([5]). The set of problems solved by semi-uniform families of recog-
niser active membrane systems without charges and using dissolution and symmet-
ric division rules equals P, formally (ACO)fPMCZMQd _, = P. This result holds if

the semi-uniformity function is AC°, NC', L, NL, or P computable.

Theorem 1 highlights the importance of choosing an appropriate uniformity
condition. If the uniformity function is computed in polynomial time then the
AM? 4 system is found to solve all of the problems in P [4]. Families of membrane
systems are sensitive (more than circuits for example) to the strength of their
uniformity conditions as the (semi-)uniformity function accesses the input word.
Thus an active membrane system with just 2 rules, [a — yes] and [b — no]
solves a P-complete problem if its uniformity function is polynomial time com-
putable, the input encoder simply solves the problem using the input word! In
Figure 2 we see how the power of a system increases in step with its uniformity
until a certain threshold is crossed, intuitively this threshold represents the actual
computing power of the system.
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Fig. 1. Complexity classes characterised by membrane systems. Characterisations by
uniform families of AM? 4 systems are denoted by A, and semi-uniform by V. Theorem 2

is indicated by ----- and a PSPACE-characterisation [1, 13] with various (semi-)uniformity
conditions indicated by - -, for these, semi-uniform and uniform classes have the same
power.

Now we consider the power of uniform families of active membranes without
dissolution. It has been shown in a number of models that whether one chooses to
use uniformity or semi-uniformity does not affect the power of the model. However,
we have shown [7] that these notions are not equivalent, resolving Open Problem
C in [10]. Our result proves that choosing one notion over another gives char-
acterisations of completely different complexity classes, including known distinct
classes. This is surprising because in all membrane system models studied to date,
the classes of problems solved by semi-uniform and uniform families turned out
to be equal [1, 5, 12]. Uniform families of AM?Y ; are so weak that the complexity
of their encoding functions (down as far as ACO) gives the upperbound of solvable
problems.

Theorem 3 ([7]). AC® uniform families of active membrane systems without
charges and without dissolution rules characterise a strict subset of their semi-
uniform equivalent. AC® = (AC®)-PMC 400, S (ACY, ACO)fPMCZMQd = NL.

3 Applications

We have mentioned that problems in NL (such as AM? 4 prediction [8]) are those
solvable using very little memory on a sequential computer, but we can also exploit
the parallelisable aspects of these systems. Recall that NL C NC2, this implies
that with a polynomial number of processors the system can be simulated in
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(9(log2 n) time. To simulate recogniser AM? 4 systems on a parallel processing
system (such as CUDA) we use a technique known as transitive closure [14]. Given
the dependency graph [4] of a recogniser AMY ; system, we construct a square
binary matrix M (whose size is the square of the number of objects and labels)
where the rows and columns both represent all object-membrane combinations.
Coordinates M, py, (u,gy = 1 where there is an edge linking (o, h) and (u, g) in the
graph, all other coordinates in the matrix are 0. By squaring this matrix log times
we calculate the transitive closure of the dependency graph. If this yields a 1 in
the matrix at coordinate M in),(yes,out), Where x is an input object and yes is
an output object, then the system is an accepting one. This efficient simulation
technique indicates that AM? 4 systems naively make good choice to model cellular
systems.

4 Conclusions and open problems

In membrane systems it is vital to choose the correct uniformity condition. If
the uniformity is too strong you may miss the true power of the system you are
trying to analyse. For example, a P upper bound result for Tissue systems using
a dependency graph such as [3] can be trivially tightened to NL if a more suitable
uniformity is used. Since ACY has a strong separation from other classes it makes
an excellent choice for a uniformity condition.

The problems in NP are intractable, any attempt to use brute force paral-
lelism to solve them will run short of processors. However problems in NC (e.g.
AMY, simulation) are easy to solve in parallel. The transitive closure technique
is applicable for any system that can be modeled using a dependency graph.

Some open problems that this work has raised.

1. Can all recogniser active membrane systems without charges be simulated by
a system with at most one copy of each object?

2. Can we characterise the levels of the NC hierarchy (or polynomial hierarchy)
using active membrane systems?

3. What happens if we adjust the membrane uniformity definition to remove the
encoding of the input, making it similar to circuit uniformity?

4. For which systems do the semi-uniform and uniform versions have different
computing power?
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Summary. We describe an extension of P-systems where each membrane has an asso-
ciated control nucleus responsible with the generation of the rules to be applied in that
membrane. The nucleus exports a set of rules which are applied in the membrane region
(only for one step, but in the usual maximal-parallel way), then the rules are removed
and a new iteration of this process takes place. This way, powerful control mechanisms
may be included in P-systems themselves, as opposed to using the level of “strategies”
previously exploited for simulating P-systems. The nuclei may contain general programs
for generating rules, ranging from those using information on the full system, to more
restricted programs where only local information in the nuclei themselves is used. The
latter approach mixed with a particular mechanism for the representation of the control
programs, the rules, and the export procedure is engaged to develop a model for cell
growth and division in normal and abnormal (tumoral) evolution of biological systems.

1 Control nuclei

The relation between P-systems and the K rewrite-based framework is thoroughly
exploited in [4] where an extension of P-systems with structural data has been
introduced, accompanied by an implementation using K and Maude rewriting en-
gine. In this paper, we describe a further extension of P-systems, briefly mentioned
in [4], obtained by integrating powerful mechanisms (called “control nuclei”) to
control the activity in P-systems. With these two extensions, we foreseen the devel-
opment of a high level modeling and programming language on top of P-systems,
powerful enough to simulate the behavior of complex, real biological systems.

A P-system with control nuclei (PCN for short) is a P-system [2] where each
membrane has an associated nucleus with a program for generating the rules to be
used within the membrane region. The semantics of a PCN is simple: repeatedly,
at each running step, a set of rules is generated by the nucleus program in each
membrane and the usual maximal-parallel rule for P-systems is applied (for one
step, only).
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Pa:: Pb:: Pc::
while(true){ while(true){ (code of membrane i)
export R1; export prim(R1); x = i mod n;
} . goto x;
: while(true){
export prim(Rn); 0: export RO;
export Unprim;
}

n-1: export R(n-1);
}

Fig. 1. Examples of nucleus programs

Figure 1 presents a sample of nucleus programs, written in a conventional
programming language, but enriched with an export statement. A program is
executed from its current control point until it reaches an export statement. In
such a point, the program is stopped and the exported rules are applied in the
membrane region. When this transforming process is finished and the rules are
discarded from the membrane, the nucleus program in reactivated, starting from
its last control point, until a new export statement is reached and the process is
repeated.

In the first example in Figure 1 (labelled Pa), the nucleus constantly produces
the same set of rules R1, and therefore a PCN using such nucleus programs is
actually a standard P-system.

The second example Pb illustrates a program dealing with priority strategies for
applying the rules. Before going into details, some explanations on the notation are
necessary: by prim(R) we denote the set of rules obtained from R by a decoration
with ’ (prim) of its right-hand side terms; Unprim is the rule which strip out the
prim decoration of all terms. The program Pb acts as follows: it first generates and
applies the rules in R1; when no such rules may be applied, the rules in R2 are
applied, and so on; by using prim-unprim decorations we constrain the rules R1,
R2, ... tobe applied to the original elements in the membrane region, prohibiting
the use of the newly produced values in subsequent rules.

The third program Pc illustrates a kind of pipelined synchronous execution in
a P-system. Let us suppose that the P-system has m membranes (denoted from
0 to m-1) and n sets of rules RO, ...,R(n-1). Each membrane infinitely repeats
a cyclic execution of the rules RO, ...,R(n-1), but starting with a different rule.
For instance, if m=4 and n=3, the system uses the following rules in its membranes
0,...,3: (RO,R1,R2,R0), (R1,R2,RO,R1), (R2,RO,R1,R2),

The sample programs in Figure 1 are simple examples used to illustrate the
concept of control nuclei. Actually, any kind of nucleus programs may be used in
PCNs. A particular benefit of the implementation of P-systems in K, described in
[4], is that it can be easily adapted to use such powerful nucleus programs - just
mix the P-systems implementation in [4] with the known representation of several
common programming languages in K.
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A particular technical problem, hidden by the informal presentation above, is
the way to handle the application of a rule which dissolves the membrane. The
unanswered question is the following: what happens with the nucleus program
of the dissolved membrane? A few options can be sketched here, grouped in two
classes: (1) a further extension of PCNs to have more nuclei (and nucleus programs)
associated to a membrane; (2) the application of certain rules to combine the
nucleus program of the dissolved membrane with the nucleus program of the parent
membrane. Subsequently, the latter option opens a full range of possibilities to
combine nucleus programs, which are not detailed here.

2 Modeling cell normal and abnormal development

In this section, we briefly describe how PCNs (P-systems with control nuclei) can
be used to model cell growth and division in biological systems, both in normal
and abnormal (tumoral) developments. The reader is directed to [1] for further
explanation and details about the terms, concepts, and phenomena used in this
section.

The abstract development of PCNs in the previous section, based on programs
written in conventional programming languages, is better suited for “in silico”
models. To tackle “in vivo” systems, we present a particular low-level DNA-based
biological representation of the nucleus programs and of the transformation rules.
The resulted systems are named biological P-systems with control nuclei (BPCNs
for short).

The transformation rules associated to membranes in BPCNs include rules
with the following format

a—p(c)if c

Such a rule represents an abstract formulation of a part of the transcription pro-
cess where the DNA/RNA code ¢ is used to transform the aminoacids in a into
p(c), the protein represented by c. Notice that, in each step, a single ¢ can be
used for several transformations of a’s in p(c)’s. To be consistent with the PCN
semantics previously developed, the code ¢ has to become inactive at the end of
the transformation step, either being degraded or moved in a trash/inactive area
(for instance in the nucleus). From a biological perspective, it is not clear why a
code c is to be lost at the end of a transformation step, and perhaps a variation
of the model where a code c is allowed to be active during several transformation
steps is more appropriate.

Like in ordinary P-systems, a rule result p(c) can migrate in another membrane.
Unlike ordinary P-systems, in BPCNs a protein p(c) can also migrate into control
nuclei and can be attached to specific spots of the DNA, with an activation or
inhibition result of the related gene.

The nucleus consists of a strand of DNA, a sequence of basic nucleotides sep-
arated in “genes,” each gene codifying a protein. On the DNA strand, several
proteins are attached at specific spots. In a current configuration, the DNA strand
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has one or more control points where active genes are copied and exported into
the membrane region for transcription. The specific program (or mechanism) used
to get the position of the control points for the active genes used in a next tran-
scription step is left unspecified at this moment. (A simple option could be that
each control point travels along the DNA strand and stops at the first active gene.
However, this is an oversimplification, as it does not take into account the dynam-
ics and the timing of the attachment of the proteins to the DNA strand, or the
insertion or deletion of new control points.)

While in P-systems one could use an expensive abstract rule to duplicate a
membrane and its contents, in BPCNs one could develop a more detailed mech-
anism for cell growth and division, closer to the real processes seen in biological
systems. The payoff for this effort of having a detailed representation of the division
process is that one could also model and study abnormal (tumoral) development
of the cells.

According to [1], Chapter 27, the cell cycle consists of the following phases:
(GO) - a commitment is taken towards a division process; (G1) - this is a growth
stage where RNA and proteins are synthesized; (S) - this phase contains DNA
replication; (G2) - during this period, the cell gets two complete diploid sets of
chromosomes; (M-mitosis) - here the nucleus is dissolved and the daughter cells
are created.

Abstract versions of most of these processes can be modeled in BPCNs as fol-
lows: (G0) - a starting control point is inserted in a code at a point where the
division is codified; (G1) - a duplication rule z — x z, where each membrane com-
ponent gets a copy, may be used for this growth stage; (S) - as transformation rules
take place in membrane regions only, the DNA duplication is slightly complicated:
the full DNA code is exported into the membrane region, duplicated there, and
finally moved back into the nucleus; (G2) - the abstract version of this stage is not
completely clear at this moment - it may have to deal with the need to have the
same “control points” in both copies of the DNA strands (as in Unix processes
obtained by the fork command); (M) - in this stage the nucleus is divided into two
(this is opposite to the previously mentioned process of joining two nuclei); finally,
use a rule to divide a membrane in two membranes, with an even separation of its
contents into the daughter membranes.

The described BPCNs for development of the cells and their division could be
easily adapted to take into account tumor attacks. The result of a DNA tumor
viral infection, roughly falls into two categories: (1) permissive cells allow for mul-
tiplication of the DNA virus, then the cell dies and the viral DNA is spread into
the neighboring cells; (2) nonpermissive cells may sometimes be infected by the
insertion of the viral DNA into the nucleus DNA, changing the cell phenotype (in
particular, after cell division, the daughter cells inherit an infected nucleus).

To conclude, P-systems with control nuclei, in both their abstract and more
biologically motivated forms, promise to be a good candidate for modeling and
understanding the evolution of complex (including biological) systems.
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