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p occurrences of a. This must hold for any multiset in L0 to be accepted, namely
for any n1 2 N . Now, given any n1 2 N , let us take n2 = n1 + 1. It holds that
n2 62N , since N contains only even numbers whereas n2 is odd by construction.
We have that an2 62L but it is accepted by an execution of the acceptor P system
in which rules R1, . . . , Rk are applied exactly as many times as in the execution
that accepts an1 . This holds because the additional a is not consumed by any rule
and has not an influence on the applicability of rules having such an object as a
promoter. Hence, we have a contradiction.

Let us assume now that there are some rules in R1, . . . , Rk consuming a. Let
ri,j be any of these rules, namely ri,j = a ! ujvap with u, v 2 V � and p 2 IN.
Since ri,j has been applied (xi,j times), we have that at the (i + 1)-th step xi,j

copies of u are present. This holds for any multiset in L0 to be accepted, namely
for any n1 2 N , and, differently from the previous case, we have that the value
of xi,j might be proportional to n1. Given any n1, n2 2 N with n1 < n2, let us
take n3 = n1 + 1. It holds that n3 62N , since N contains only even numbers
whereas n3 is odd by construction. We have that an3 62L but it is accepted by an
execution of P in which applied rules are R1, . . . , Rk, and they are applied at least
as many times as in the execution that accepts an1 and at most as many times
as in the execution that accepts an2 . The fact that T is produced is guaranteed
by the fact that, in order to accept an1 , T was either present from the beginning
as a control object of the initial configuration or produced by one of the rules
in R1, . . . , Rk, and this still holds for an3 where the initial control objects and
the applied rules are the same. Moreover, the fact that the accepting execution
of an3 terminates is guaranteed by the fact that the objects produced during the
execution were produced (possibly in a greater quantity) also during the accepting
execution of an2 . This means that the accepting execution of an3 does not enable
the application of rules that were not applicable in the accepting execution of an2 .
Summing up, also this case leads to a contradiction.

Open Problem. Does there exist any language that can be accepted in constant
time only if promoters are exploited?
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Summary. In this paper, we present results on the power and the size of generalized
communicating P systems in the case of eight restricted variants of communication rules.
These constructs are purely communicating tissue-like membrane systems with commu-
nication rules which allow the movement of only pairs of objects. We show that seven
of these restricted variants are computationally complete, even with limited size, while
systems belonging to the remaining one variant are able to compute only finite single-
tons of non-negative integers. The obtained results complete the investigations of the
computational power of generalized communicating P systems.

1 Introduction

The theory of P systems provides several examples for computational models with
large computational power and at the same time with simple architecture and
small size complexity.

One of the main research directions in P systems theory is the study of the
computational power of purely communicating membrane systems. Adequate ex-
amples of these constructs are the symport/antiport P systems [1]. Motivated
by the problem how to define a common generalization of various purely com-
municating models in the framework of P systems, the concept of a generalized
communicating P system was introduced in [3].
? The research of the first author was supported in part by the Hungarian Scientific
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A generalized communicating P system, or a GCPS for short, corresponds to
a graph where each node, called a cell, contains a multiset of objects which - by
communication - may move between the cells. The communication rules are rather
restricted, any rule identifies four cells, two input cells and two output cells, such
that a pair of objects from the two input cells move synchronously to the two
output cells. The form of a communication rule is (a, i)(b, j)→ (a, k)(b, l) where a
and b are objects and i, j, k, l are numbers that identify the input and the output
cells. Such a rule means that an object a from cell i and an object b from cell j
move synchronously to cell k and cell m, respectively. It can easily be seen that
these very simple communication rules can also be interpreted as interaction rules.
Although a GCPS realizes a graph structure, the cells are defined implicitly, since
the system is given as a set of communication rules over an alphabet.

Depending on the relation of i, j, k, l, nine restricted variants of communication
rules (modulo symmetry) can be distinguished. (For example, i 6= j 6= k 6= l is one
of these restrictions, called a parallel-shift rule.) When the GCPS has only one
type of these restricted rules, we speak of generalized communicating P systems
with minimal interaction, a GCPSMI for short.

In this article, we consider generalized communicating P systems which use
only one type of the above interaction operations. In [3] it was shown that any
register machine can be simulated by a GCPS having 19 cells and using only
parallel-shift rules. Continuing the examination of the power of GCPSMIs, we
study the remaining eight restricted variants of communication rules. We prove
that in most of the cases (7 of 8) computational completeness is obtained, i.e.,
the corresponding GMPCSs are able to determine any recursively enumerable set
of non-negative integers; the only exception determines only finite singletons of
natural numbers. The constructions in the proofs also demonstrate that this large
expressive power can be obtained by P systems with relatively small numbers of
cells and simple graph architectures.

2 Definitions

In this section we recall some basic notions and notations commonly used in mem-
brane computing and some basic concepts of formal language theory that we need
throughout the paper.

We consider register machines with two types of instructions: (p,A+, q, s) and
(p,A−, q, s), where p, q, s are states and A is a register. Register machines generate
NRE.

Next we present the basic definitions concerning generalized communicating P
system; for further details and motivations of these constructs, see [3].

Definition 1. A generalized communicating P system of degree n (a GCPS, for
short) is a construct: Π = (O,E,w1, . . . , wn, R, io), where:

1. O is a finite alphabet,
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2. E ⊆ O;
3. wi ∈ O∗, for all 1 ≤ i ≤ n, the multiset of objects initially associated to cell i;
4. R is a finite set of interaction rules of the form (a, i)(b, j)→ (a, k)(b, l), where
a, b ∈ O, 0 ≤ i, j, k, l ≤ n, and if i = 0 and j = 0, then {a, b} ∩ (O \ E) 6= ∅;
i.e. a /∈ E or b /∈ E;

5. io ∈ {1, . . . , n} is the output cell.

The system consists of n cells, numbered from 1 to n, that contain multisets of
objects over O; initially cell i contains the multiset wi. There is also a special cell
distinguished, numbered by 0, called the environment. The environment contains
symbols of E ⊆ O in an infinite number of copies.

The cells interact with each other by means of the rules in R of form r =
(a, i)(b, j)→ (a, k)(b, l), with a, b ∈ O and 0 ≤ i, j, k, l ≤ n. Such an interaction
rule may be applied if there is an object a in cell i and an object b in cell j. As the
result of the application of r, the object a moves from cell i to cell k and b moves
from cell j to cell l. If two objects from the environment are moved to some other
cell or cells, then at least one of them must not appear in the environment in an
infinite number of copies.

Notice that the structure of a GCPS corresponds neither to a tree as in cell-like
P systems nor to a graph as in tissue P systems, though some models of cell-like
P systems and tissue P systems can be seen as special variants of GCPSs.

In general, for a given GCPS, every rule is defined over a block of cells which
allows certain objects to pass from the input cells to the output cells; altogether
these rules define a network of communicating cells.

Let Π = (O,E,w1, . . . , wn, R, io), n ≥ 1, be a GCPS. A configuration of Π
is a tuple (z0, z1, . . . , zn) with z0 ∈ (O \ E)∗ and zi ∈ O∗, for all 1 ≤ i ≤ n; z0
is the multiset of objects possibly present in the environment in a finite number
of copies, whereas, for all 1 ≤ i ≤ n, zi is the multiset of objects present inside
cell i. The initial configuration of Π is the tuple (λ,w1, . . . , wn). Then, given a
configuration of Π, a new configuration can be produced by applying the rules in
a non-deterministic maximally parallel way: all the rules that can be applied to
the objects currently present inside the cells and the environment must be applied
in parallel at the same time; the only restriction is that an occurrence of an object
has to be used by at most one rule. One such application of the rules represents
a transition step (in Π). A computation in Π is any sequence of transition steps
in Π which starts from its initial configuration. A successful computation in Π
is any computation which produces a configuration where no more rules can be
applied to the objects left inside the cells and in the environment. The result of
a successful computation is the non-negative integer corresponding to the size of
the multiset of objects inside the output cell io in the final configuration. The set
of non-negative integers computed in this way by GCPS Π is denoted by N(Π).

We may impose several restrictions on the interaction rules, some of these
restrictions directly correspond to antiport or symport rules of size 2.
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Below we define all possible restrictions (modulo symmetry): let O be an al-
phabet and consider an interaction rule (a, i)(b, j)→ (a, k)(b, l) with a, b ∈ O,
i, j, k, l ≥ 0. Then we distinguish the following cases:

1. i = j = k 6= l: the conditional-uniport-out rule sends b to membrane l provided
that a and b are in membrane i.

2. i = k = l 6= j: the conditional-uniport-in rule brings b to membrane i provided
that a is in that membrane.

3. i = j 6= k = l: the symport2 rule corresponds to the minimal symport rule,
i.e., a and b move together from membrane i to k.

4. i = l 6= j = k: the antiport1 rule corresponds to the minimal antiport rule,
i.e., a and b are exchanged in membranes i and k.

5. i = k 6= j 6= l: the presence-move rule moves the symbol b from membrane j
to l, provided that there is a symbol a in membrane i.

6. i = j 6= k 6= l: the split rule sends a and b from membrane i to membranes k
and l, respectively.

7. k = l 6= i 6= j: the joining rule brings a and b together to membrane i.
8. i = l 6= j 6= k or i 6= j = k 6= l: the chain rule moves a from membrane i to

membrane k while b is moved from membrane j to membrane i, i.e., where a
previously has been.

9. i 6= j 6= k 6= l: the parallel-shift rule moves a and b in independent membranes.

A generalized communicating P system may have rules of several types as
defined above. Moreover, we may allow uniport rules (i.e., rules of the form (a, i)→
(a, k) specifying that, whenever an object a is present in cell i, this may be moved
to cell k). In this case, GCPS with symport2 and uniport rules or with antiport1
and uniport rules become tissue P systems with minimal symport or minimal
symport and antiport, respectively.

When only one type of rules is considered, we call the corresponding GCPS a
minimal interaction P system, or a GCPSMI for short. We denote by NOtPk(x)
the set of numbers generated by a minimal interaction P system of degree k having
rules of type x, x ∈ {uout, uin, sym2, anti1, presence, split, join, chain, shift}.

3 Power and Size of Minimal Interaction P Systems

Minimal interaction P systems with any types of rules defined above, except an-
tiport1, are computationally complete devices, i.e. they are able to compute any
recursively enumerable set of non-negative integers. Moreover, the systems which
are computational complete are able to reach this computational power with a
number of cells limited by a small constant. In the case of split rules, 9 cells
suffice.

Theorem 1. NOtP9(split) = NRE.

Systems having symport 2 rules cannot generate NRE, however they can ac-
cept any recursively enumerable set of numbers. The proof of the result is based
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on a simulation of a split rule by symport2 rules. Then the result follows from
Theorem 1.

Theorem 2. For any S ∈ NRE there is Π ∈ NOtP8(sym2) that accepts S.

Theorem 3. NOtP∗(anti1) ⊂ NFIN .

The proof follows from the fact that the number of symbols in a cell cannot be
changed by using only antiport1 rules. Hence, only finite singletons of non-negative
integers can be generated.

The first equality below is proved by a direct simulation of the register machine,
and the second one is based on a simulation of a join rule by by a sequence of chain
rules.

Theorem 4. NOtP7(join) = NOtP∗(chain) = NRE.

Theorem 5. NOtP30(uin) = NRE.

This statement is proved by simulating the increment and the decrement in-
structions of a register machine. Instead of direct simulations of the instructions,
we define sets of conditional-uniport-in rules, so-called (primitive) blocks, as it was
done in [3] and [2], and then we show how a set of rules simulating an increment
instruction or a decrement instruction can be composed from these blocks. For
this purpose, we use three blocks: the so-called uniport block, the basic block or
main block, and the zero block.

The uniport block corresponds to an uniport rule. The basic or main block is a
variant of a minimal interaction rule that permits to move synchronously symbols
a from cell i to cell k and b from cell j to cell l. If b is not present, then an infinite
loop occurs. The zero block is a variant of a minimal interaction rule that moves
symbol a from cell i to k providing that there are no symbols b in cell j. If there
are symbols b in cell j then the computation enters into an infinite loop.

Next two equalities are proved in a similar way.

Theorem 6. NOtP30(uout) = NOtP36(presence) = NRE.
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P systems were introduced as a computational model inspired by the information
and biochemical entities processed in the living cells by means of membrane com-
munication. In most of the works about P systems, information is represented as
multisets of symbol/objects which can interact and evolve according to predefined
rules. Nevertheless, the use of strings to represent the information and the use
of rules to transform strings instead of multiset objects has been present in the
literature of this scientific area from the very beginning. For an early survey of
different string-based P systems the reader is referred to [3].

In this work, we propose the use of evolutionary transformations from strings
to strings as the definition of P rules. The evolutionary rules that we address
have been widely used in the definition of networks of evolutionary processors,
an intensive study started in [1] and continued in a series of papers. Accepting
networks of evolutionary processors with filtered connections (ANEPFC for short)
have been introduced in [2] as a computationally complete model of computation.
It is known that many string-based P systems are computationally complete. Our
goal is to establish a direct simulation of ANEPFCs by string-based P systems. To
this aim, we are going to consider regions with evolutionary rules. Two aspects are
important in our view: (1) the permitting conditions of the filters of ANEPFCs
are simulated by inner membrane structures, (2) the forbidding conditions of these
filters are simulated by rule priorities. In many works devoted to P systems, the
membrane structure does not play a very important role as it is reduce to only
one membrane. In our approach the membrane structure plays a crucial role.
? Work supported by the Spanish Ministerio de Educación y Ciencia under project
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Accepting Networks of Evolutionary Processors with
Filtered Connections

Here, we will informally describe an ANEPFC as it was defined in [2]. An evolu-
tionary processor can be viewed as a very simple string-processing unit. It holds
a finite set of strings with arbitrary many copies of each of them, and a finite set
of evolutionary rules. These rules can be formally defined by (here a and b ranges
over a finite alphabet):

- Insertion rules: λ→ a
- Deletion rules: a→ λ
- Substitution rules: a→ b
Every rule can be applied to a string in three different ways: in any position in

the string, in the rightmost position, or in the leftmost position. Observe that, due
to the multiplicity of copies of every string, a single rule applied in an arbitrary
position could eventually produce more than one string. The processor will apply
the rules to the existing strings in an evolutionary step. Basically, an ANEPFC
consists of a finite set of evolutionary processors which are connected following
a predefined underlying topology (complete, ring, star, etc.) Every connection
between two processors is filtered by a pair of disjoint sets of symbols (P, F ).
There are two types of filters: (1) the weak filter (a string passes it if at least one
symbol from P and none symbol from F is present in the string), (2) the strong
filter (a string passes it if every symbol from P and none symbol from F is present
in the string). The process of communicating strings between connected processors
regulated by the filters associated with connections is called a communication step.

A configuration of an ANEPFC may be understood as the sets of words which
are present in any node at a given moment. A configuration can change either by
an evolutionary step or by a communication step which alternate with each other.
When changing by an evolutionary step each component of the configuration is
changed in accordance with the set of evolutionary rules associated with every
processor and the way of applying these rules. When changing by a communication
step, each node processor of an ANEPFC sends one copy of each word it has to
every node processor connected to it, provided they can pass the filter of the edge
the processors. It keeps no copy of these words but receives all the words sent by
any node processor connected with it providing that they can pass the filter of the
connection.

Every ANEPFC has two distinguished processors, namely the input and the
output ones. Initially the input string is located in the input node and the network
performs an accepting computation; if there exists a configuration in which the set
of words existing in the output node is non-empty, then the network halts. The
language accepted by an ANEPFC is the set of input strings that lead the network
to a halting configuration.
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Accepting Evolutionary P Systems

We now informally describe the P system we are going to investigate. An Accepting
evolutionary P system of degree m (AEvoP in short) is a construct

Π = (V,U, µ, (R1, ρ1), · · · , (Rm, ρm)),

where:
- V is the input alphabet, U ⊇ V is the working alphabet,
- µ is a membrane structure consisting of m membranes,
- Ri, 1 ≤ i ≤ m is a finite set of evolutionary and/or dissolving rules over U

associated with the ith region and ρi is a partial order relation over Ri specifying
the priority among the rules. An evolutionary rule is a 4-tuple (a, b, α, β) (or a→
bβα) where a, b ∈ U ∪ {λ}, α ∈ {here, out, in} and β ∈ {∗, l, r}. A dissolving rule is
5-tuple (a, b, α, β, δ) (or a → bβαδ), where a, b, α, β have the same meaning as for
evolutionary rules and δ ∈ U is the dissolving symbol.

The application of a rule a → bβα in an arbitrary region of the system works
as follows: if there exists a string w in that region, such that w = u1au2, then
w is transformed into u1bu2 (observe that β establishes the way of applying the
evolutionary rule). Parameter α establishes where to send the new strings, namely
they are sent to the outer region, to all immediate inner regions (a copy of each
string is sent to all these regions), or remain in the same region, provided that β
is out, in, or here. If a string is to be sent to an inner region that does not exist,
then it remains where it is.

If the rule is a dissolving one (a→ bβαδ, the membrane of the region is dissolved
after the rule application, provided that the membrane is different from the skin
one.

The input string is initially stored in the outmost region. Then, in a fully
parallel manner all the rules are applied to the strings existing in every region
according to their priorities. The system halts whenever: (1) No rule can be applied,
or (2) The system is reduced to only one region, namely the outmost one.

The language accepted by Π is denoted by L(Π). A string is in L(Π) if and
only if it being initially stored in the outmost region reduces the system to only
one region.

A simulation of ANEPFCs by EvoPs

In this section we give just a very brief idea how an AEvoP can simulate an
ANEPFC. The membrane structure for the proposed AEvoP system will have
the skin region and as many regions as connections between processors inside it.
For every connection between processor i and j we will have the regions Rij and
Rji. Inside every Rij region we will have different structures depending on the
filter type. Let us suppose that the set of permitting symbols for the filter on the
connection between processor i and j is defined by Pij = {b1, b2, · · · , bk}. Then, if
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the filter acts in the weak mode, the structure is showed in the next figure to the
left, while if the filter acts in a strong mode the structure is showed to the right.
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Fig. 1. Membrane structures for the filters

Inside the inner regions in illustrated membrane structures we apply the evo-
lutionary rules similarly to those associated with the node i. In addition, the new
strings are moved through the region in order to check the filter conditions. Thus
evolutionary rules having the highest priority check the presence of forbidden sym-
bols. If such a symbol is present, then the string remains blocked in an inner region.
If these rules cannot be applied, then other evolutionary rules check the presence
of permitting symbols. As soon as one permitting symbol is present, the string is
sent to the outer region. Clearly, some special symbols are used in order to manage
the string movements. When a string is going to enter a region of the form Rij
where i is the output node of the ANEPFC, then a new symbol is inserted; this
symbol will dissolve in turn all the membranes.
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Summary. We summarise some current results for active membrane systems using uni-
formity below P. Many of the systems we consider are easily to simulate on parallel
hardware and provide interesting new directions for the complexity theory of membrane
systems as well as those seeking to simulate membrane systems.

1 Familiar frontiers

The majority of complexity results to date in membrane systems (also known as
P-systems) have been focused on the frontier of tractability. This frontier is also
known as the P

?= NP conjecture. This boundary has been fruitfully explored using
polynomial time (semi-)uniform families of membrane systems. However, when the
uniformity condition is restricted to being computed in classes below P many new
and interesting things about families of active membrane systems without charges
(AM0) become clear.

One result [6] is that logspace semi-uniform families (when dissolution rules
are excluded, denoted AM0

−d) solve all problems in NL. (When using P semi-
uniformity, families of AM0

−d were shown to solve all of P. [4]) The problems in
NL are solvable using very little memory (O(log2 n)) on a deterministic polynomial
time Turing machine [11]. Furthermore since NL ⊆ NC, this places us on the far
side of another frontier: the parallelisable frontier. The parallelisable frontier is also
known as the NC

?= P conjecture and is almost as significant in its implications
as the P

?= NP conjecture [2]. Problems in NC (∪i≥0NCi) are those which are
decided in poly-logarithmic (O(logi n)) time when using a polynomial number of

? Funded by the Irish Research Council for Science, Engineering & Technology
?? Supported by a Project of Excellence from the Junta de Andalućıa, grant number
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processors, that is they are efficiently parallelisable. However P-complete problems
are thought to be intrinsically sequential and no significant speed-up is achieved
when the number of processors working on the problem is increased[2].

We have also shown[5, 6] the first P characterisation for AM0 systems with
dissolution rules where the lowerbound is not dependant on P uniformity.

Another result is that for AM0
−d the notions of uniformity and semi-uniformity

are formally different. This result may be applicable to other types of membrane
systems and models of computation.

2 First Results

We now summarise the first results from beyond the P frontier. The key to these
results has been to use uniformity conditions weaker than P (note Obtu lowicz [9]
was the first to explicitly use logspace).

Theorem 1 ([6]). The set of problems solved by semi-uniform families of recog-
niser active membrane systems without charges and without dissolution rules equals
NL, formally (AC0)–PMC∗AM0−d

= NL. This result holds if the semi-uniformity
function is AC0, NC1, L, or NL computable.

With a slight restriction on the way rules are allowed to interact in the system,
the set of problems solvable shrinks to L [8]. The proofs of these results show
that it is possible to simulate a AM0

−d system with a membrane structure by
using a system with a single membrane and only evolution rules. Also clarified
is the power of dissolution, with dissolution a semi-uniform AM0 system with
strong non-elementary division rules solves PSPACE, however without dissolution
rules, the system solves only NL [1]. Similarly dissolution rules provide the first P
characterisation that is robust to uniformity conditions below P.

Theorem 2 ([5]). The set of problems solved by semi-uniform families of recog-
niser active membrane systems without charges and using dissolution and symmet-
ric division rules equals P, formally (AC0)–PMC∗AM0

+d,−a
= P. This result holds if

the semi-uniformity function is AC0, NC1, L, NL, or P computable.

Theorem 1 highlights the importance of choosing an appropriate uniformity
condition. If the uniformity function is computed in polynomial time then the
AM0

−d system is found to solve all of the problems in P [4]. Families of membrane
systems are sensitive (more than circuits for example) to the strength of their
uniformity conditions as the (semi-)uniformity function accesses the input word.
Thus an active membrane system with just 2 rules, [ a → yes ] and [ b → no ]
solves a P-complete problem if its uniformity function is polynomial time com-
putable, the input encoder simply solves the problem using the input word! In
Figure 2 we see how the power of a system increases in step with its uniformity
until a certain threshold is crossed, intuitively this threshold represents the actual
computing power of the system.
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Fig. 1. Complexity classes characterised by membrane systems. Characterisations by
uniform families of AM0

−d systems are denoted by , and semi-uniform by . Theorem 2
is indicated by and a PSPACE-characterisation [1, 13] with various (semi-)uniformity
conditions indicated by , for these, semi-uniform and uniform classes have the same
power.

Now we consider the power of uniform families of active membranes without
dissolution. It has been shown in a number of models that whether one chooses to
use uniformity or semi-uniformity does not affect the power of the model. However,
we have shown [7] that these notions are not equivalent, resolving Open Problem
C in [10]. Our result proves that choosing one notion over another gives char-
acterisations of completely different complexity classes, including known distinct
classes. This is surprising because in all membrane system models studied to date,
the classes of problems solved by semi-uniform and uniform families turned out
to be equal [1, 5, 12]. Uniform families of AM0

−d are so weak that the complexity
of their encoding functions (down as far as AC0) gives the upperbound of solvable
problems.

Theorem 3 ([7]). AC0 uniform families of active membrane systems without
charges and without dissolution rules characterise a strict subset of their semi-
uniform equivalent. AC0 = (AC0)–PMCAM0−d

( (AC0, AC0)–PMC∗AM0−d
= NL.

3 Applications

We have mentioned that problems in NL (such as AM0
−d prediction [8]) are those

solvable using very little memory on a sequential computer, but we can also exploit
the parallelisable aspects of these systems. Recall that NL ⊆ NC2, this implies
that with a polynomial number of processors the system can be simulated in



Uniformity: Uncovering the Frontier of Parallelism 559

O(log2 n) time. To simulate recogniser AM0
−d systems on a parallel processing

system (such as CUDA) we use a technique known as transitive closure [14]. Given
the dependency graph [4] of a recogniser AM0

−d system, we construct a square
binary matrix M (whose size is the square of the number of objects and labels)
where the rows and columns both represent all object-membrane combinations.
Coordinates M〈o,h〉,〈u,g〉 = 1 where there is an edge linking (o, h) and (u, g) in the
graph, all other coordinates in the matrix are 0. By squaring this matrix log times
we calculate the transitive closure of the dependency graph. If this yields a 1 in
the matrix at coordinate M〈x,in〉,〈yes,out〉, where x is an input object and yes is
an output object, then the system is an accepting one. This efficient simulation
technique indicates thatAM0

−d systems naively make good choice to model cellular
systems.

4 Conclusions and open problems

In membrane systems it is vital to choose the correct uniformity condition. If
the uniformity is too strong you may miss the true power of the system you are
trying to analyse. For example, a P upper bound result for Tissue systems using
a dependency graph such as [3] can be trivially tightened to NL if a more suitable
uniformity is used. Since AC0 has a strong separation from other classes it makes
an excellent choice for a uniformity condition.

The problems in NP are intractable, any attempt to use brute force paral-
lelism to solve them will run short of processors. However problems in NC (e.g.
AM0

−d simulation) are easy to solve in parallel. The transitive closure technique
is applicable for any system that can be modeled using a dependency graph.

Some open problems that this work has raised.

1. Can all recogniser active membrane systems without charges be simulated by
a system with at most one copy of each object?

2. Can we characterise the levels of the NC hierarchy (or polynomial hierarchy)
using active membrane systems?

3. What happens if we adjust the membrane uniformity definition to remove the
encoding of the input, making it similar to circuit uniformity?

4. For which systems do the semi-uniform and uniform versions have different
computing power?
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Summary. We describe an extension of P-systems where each membrane has an asso-
ciated control nucleus responsible with the generation of the rules to be applied in that
membrane. The nucleus exports a set of rules which are applied in the membrane region
(only for one step, but in the usual maximal-parallel way), then the rules are removed
and a new iteration of this process takes place. This way, powerful control mechanisms
may be included in P-systems themselves, as opposed to using the level of “strategies”
previously exploited for simulating P-systems. The nuclei may contain general programs
for generating rules, ranging from those using information on the full system, to more
restricted programs where only local information in the nuclei themselves is used. The
latter approach mixed with a particular mechanism for the representation of the control
programs, the rules, and the export procedure is engaged to develop a model for cell
growth and division in normal and abnormal (tumoral) evolution of biological systems.

1 Control nuclei

The relation between P-systems and the K rewrite-based framework is thoroughly
exploited in [4] where an extension of P-systems with structural data has been
introduced, accompanied by an implementation using K and Maude rewriting en-
gine. In this paper, we describe a further extension of P-systems, briefly mentioned
in [4], obtained by integrating powerful mechanisms (called “control nuclei”) to
control the activity in P-systems. With these two extensions, we foreseen the devel-
opment of a high level modeling and programming language on top of P-systems,
powerful enough to simulate the behavior of complex, real biological systems.

A P-system with control nuclei (PCN for short) is a P-system [2] where each
membrane has an associated nucleus with a program for generating the rules to be
used within the membrane region. The semantics of a PCN is simple: repeatedly,
at each running step, a set of rules is generated by the nucleus program in each
membrane and the usual maximal-parallel rule for P-systems is applied (for one
step, only).
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Pa::

while(true){
export R1;

}

Pb::

while(true){
export prim(R1);
...

export prim(Rn);

export Unprim;

}

Pc::

(code of membrane i)

x = i mod n;

goto x;

while(true){
0: export R0;
...

n-1: export R(n-1);

}
Fig. 1. Examples of nucleus programs

Figure 1 presents a sample of nucleus programs, written in a conventional
programming language, but enriched with an export statement. A program is
executed from its current control point until it reaches an export statement. In
such a point, the program is stopped and the exported rules are applied in the
membrane region. When this transforming process is finished and the rules are
discarded from the membrane, the nucleus program in reactivated, starting from
its last control point, until a new export statement is reached and the process is
repeated.

In the first example in Figure 1 (labelled Pa), the nucleus constantly produces
the same set of rules R1, and therefore a PCN using such nucleus programs is
actually a standard P-system.

The second example Pb illustrates a program dealing with priority strategies for
applying the rules. Before going into details, some explanations on the notation are
necessary: by prim(R) we denote the set of rules obtained from R by a decoration
with ′ (prim) of its right-hand side terms; Unprim is the rule which strip out the
prim decoration of all terms. The program Pb acts as follows: it first generates and
applies the rules in R1; when no such rules may be applied, the rules in R2 are
applied, and so on; by using prim-unprim decorations we constrain the rules R1,
R2, ... to be applied to the original elements in the membrane region, prohibiting
the use of the newly produced values in subsequent rules.

The third program Pc illustrates a kind of pipelined synchronous execution in
a P-system. Let us suppose that the P-system has m membranes (denoted from
0 to m-1) and n sets of rules R0,...,R(n-1). Each membrane infinitely repeats
a cyclic execution of the rules R0,...,R(n-1), but starting with a different rule.
For instance, if m=4 and n=3, the system uses the following rules in its membranes
0,...,3: (R0,R1,R2,R0), (R1,R2,R0,R1), (R2,R0,R1,R2), ...

The sample programs in Figure 1 are simple examples used to illustrate the
concept of control nuclei. Actually, any kind of nucleus programs may be used in
PCNs. A particular benefit of the implementation of P-systems in K, described in
[4], is that it can be easily adapted to use such powerful nucleus programs - just
mix the P-systems implementation in [4] with the known representation of several
common programming languages in K.
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A particular technical problem, hidden by the informal presentation above, is
the way to handle the application of a rule which dissolves the membrane. The
unanswered question is the following: what happens with the nucleus program
of the dissolved membrane? A few options can be sketched here, grouped in two
classes: (1) a further extension of PCNs to have more nuclei (and nucleus programs)
associated to a membrane; (2) the application of certain rules to combine the
nucleus program of the dissolved membrane with the nucleus program of the parent
membrane. Subsequently, the latter option opens a full range of possibilities to
combine nucleus programs, which are not detailed here.

2 Modeling cell normal and abnormal development

In this section, we briefly describe how PCNs (P-systems with control nuclei) can
be used to model cell growth and division in biological systems, both in normal
and abnormal (tumoral) developments. The reader is directed to [1] for further
explanation and details about the terms, concepts, and phenomena used in this
section.

The abstract development of PCNs in the previous section, based on programs
written in conventional programming languages, is better suited for “in silico”
models. To tackle “in vivo” systems, we present a particular low-level DNA-based
biological representation of the nucleus programs and of the transformation rules.
The resulted systems are named biological P-systems with control nuclei (BPCNs
for short).

The transformation rules associated to membranes in BPCNs include rules
with the following format

a→ p(c) if c

Such a rule represents an abstract formulation of a part of the transcription pro-
cess where the DNA/RNA code c is used to transform the aminoacids in a into
p(c), the protein represented by c. Notice that, in each step, a single c can be
used for several transformations of a’s in p(c)’s. To be consistent with the PCN
semantics previously developed, the code c has to become inactive at the end of
the transformation step, either being degraded or moved in a trash/inactive area
(for instance in the nucleus). From a biological perspective, it is not clear why a
code c is to be lost at the end of a transformation step, and perhaps a variation
of the model where a code c is allowed to be active during several transformation
steps is more appropriate.

Like in ordinary P-systems, a rule result p(c) can migrate in another membrane.
Unlike ordinary P-systems, in BPCNs a protein p(c) can also migrate into control
nuclei and can be attached to specific spots of the DNA, with an activation or
inhibition result of the related gene.

The nucleus consists of a strand of DNA, a sequence of basic nucleotides sep-
arated in “genes,” each gene codifying a protein. On the DNA strand, several
proteins are attached at specific spots. In a current configuration, the DNA strand
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has one or more control points where active genes are copied and exported into
the membrane region for transcription. The specific program (or mechanism) used
to get the position of the control points for the active genes used in a next tran-
scription step is left unspecified at this moment. (A simple option could be that
each control point travels along the DNA strand and stops at the first active gene.
However, this is an oversimplification, as it does not take into account the dynam-
ics and the timing of the attachment of the proteins to the DNA strand, or the
insertion or deletion of new control points.)

While in P-systems one could use an expensive abstract rule to duplicate a
membrane and its contents, in BPCNs one could develop a more detailed mech-
anism for cell growth and division, closer to the real processes seen in biological
systems. The payoff for this effort of having a detailed representation of the division
process is that one could also model and study abnormal (tumoral) development
of the cells.

According to [1], Chapter 27, the cell cycle consists of the following phases:
(G0) - a commitment is taken towards a division process; (G1) - this is a growth
stage where RNA and proteins are synthesized; (S) - this phase contains DNA
replication; (G2) - during this period, the cell gets two complete diploid sets of
chromosomes; (M-mitosis) - here the nucleus is dissolved and the daughter cells
are created.

Abstract versions of most of these processes can be modeled in BPCNs as fol-
lows: (G0) - a starting control point is inserted in a code at a point where the
division is codified; (G1) - a duplication rule x→ x x, where each membrane com-
ponent gets a copy, may be used for this growth stage; (S) - as transformation rules
take place in membrane regions only, the DNA duplication is slightly complicated:
the full DNA code is exported into the membrane region, duplicated there, and
finally moved back into the nucleus; (G2) - the abstract version of this stage is not
completely clear at this moment - it may have to deal with the need to have the
same “control points” in both copies of the DNA strands (as in Unix processes
obtained by the fork command); (M) - in this stage the nucleus is divided into two
(this is opposite to the previously mentioned process of joining two nuclei); finally,
use a rule to divide a membrane in two membranes, with an even separation of its
contents into the daughter membranes.

The described BPCNs for development of the cells and their division could be
easily adapted to take into account tumor attacks. The result of a DNA tumor
viral infection, roughly falls into two categories: (1) permissive cells allow for mul-
tiplication of the DNA virus, then the cell dies and the viral DNA is spread into
the neighboring cells; (2) nonpermissive cells may sometimes be infected by the
insertion of the viral DNA into the nucleus DNA, changing the cell phenotype (in
particular, after cell division, the daughter cells inherit an infected nucleus).

To conclude, P-systems with control nuclei, in both their abstract and more
biologically motivated forms, promise to be a good candidate for modeling and
understanding the evolution of complex (including biological) systems.
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